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CHAPTER 1

THEORY OF ELASTICITY

1.1 A thin sheet made of an aluminum alloy having E = 67 GPa, G = 256 GPa and also v = 1/3
was used for two dimensional surface strain measurements. The measurements provided

,1020,105.10 55   xx yyxx  and .10240 5 xxy Determine the corresponding stresses.
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1.2 Determine (a) the principal stresses and strains and (b) the maximum shear stress for the case
described in Problem 1.1.

Solution:

(a) MPaMPaxy
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1.3 Calculate the diameter of a 1-m long wire that supports a weight of 200 Newton. If the wire
stretches 2 mm, calculate the strain and the stress induced by the weight. Let E = 207 GPa.

Solution:
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1.4 Derive an expression for the local uniform strain across the neck of a round bar being loaded
in tension. Then, determine its magnitude if the original diameter is reduced 80%.

Solution:

Volume constancy:

oo LAAL 

   2
/ln/ln ddLL
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dL
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zz
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 

 ddozz /ln2

If ,80.0 odd  then

  4463.080.0/1ln2 zz

%63.44zz

1.5 The torsion of a bar containing a longitudinal sharp groove may be characterized by a
warping function of the type [after F.A McClintock, Proc. Inter. Conf. on Fracture of Metals,

Inst. of Mechanical Eng., London, (1956) 538]  
r

z xdyydxw
0

)( . The displacements are

0x and  rzy  , where  and r are the angle of twist per unit length and the crack tip

radius, respectively. The polar coordinates have the origin at the tip of the groove, which has a

radius (R). Determine ,w the shear strains rz and .z In addition, predict the maximum of the

shear strain .z
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Solution:

Let cosRx  and sinRy  so that
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1.6 A cantilever beam having a cross-sectional area of 1.5 cm2 is fixed at the left-hand side and
loaded with a 100 Newton downward vertical force at the extreme end as shown in the figure
shown below. Determine the strain in the strain gage located at 8 cm from the fixed end of the
shown steel cantilever beam. The steel modulus of elasticity of is E = 207 GPa.

Solution:

FBD:
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1.7 The stress-strain behavior of an annealed low-carbon steel (σys = 200 MPa and E = 207 GPa)
obeys the Hollomon equation with k = 530 MPa and n =0.25. (a) Plot the true and engineering
stress-strain curves. Calculate (b) the tensile strength ( ts ) and (c) the strain energy density up to

the instability point.

Solution:

(a) Plots
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(b) The engineering yield strain and the true strain at the instability point on the true stress-strain
curve are, respectively

3-

3
10×3478.4

10207

900


MPax

MPa

E

ys

ys




25.0 nt @ Instability point

At the instability or ultimate tensile strength point (maximum),

  
 

0.28403)25.0exp(1)exp(1

1ln

848.5325.0200,1
25.0

max







t

t

n
t MPaMPak







0.30.250.20.150.10.050

1000

750

500

250

0
0 0.05 0.10 0.15 0.20 0.25 0.30

Strain

Stress
True

Engineering

Yield Point

   MPa305.81,0043.0, ysys 
25.0ts

0

  
25.01

1ln1200
25.0









  25.0
1200 tt  

25.0 nt

@ Instability point



Chapter 1 Fracture Mechanics, 2nd ed. (2015) Solution Manual

5
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(c) The strain energy density (W) is just the area under the stress-strain curve. In general, the true
and engineering strain energy densities are
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Therefore, the engineering strain energy density can not be determined analytically using the
modified Hollomon equation. Instead, the solution can be achieved numerically. Thus,
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1.8 The figure below shows a schematic cross-sectional view of a pressure vessel (hollow
cylinder) subjected to internal and external pressures. Determine the stresses at a point  ,rP in

polar coordinates when (a) 0iP and ,0iP (b) ,0oP (c) 0iP and (d) 0a so that the

hollow cylinder becomes a solid cylinder. (e) Plot )(rfrr  and )(rfrr  . Let ,450 mma 

,800 mmb  0iP and .40 MPaP  The valid radius range must be mrm 80.045.0  . Use

the following Airy’s stress function
2

321 ln rcrcc 

Along with the boundary conditions
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Using the boundary conditions yields
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(b) If ,0oP then (c) If ,0iP then
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1.9 Consider an infinite plate with a central hole subjected to a remote uniform stress as shown in

Example 1.5. The boundary conditions for this loaded plate are (1) Sxx   and σy = τxy = 0

at r and (2) 0  rr at .ar  Use the following complex potentials [12]

z  S
4

1  2a2

z2
and  z   S

2
1  a2

z2
 3a4

z4

to determine σr, σθ and τrθ (in polar coordinates).

Solution: The infinite plate with a central hole subjected to a remote uniform stress is

Use the following stress expressions

r    2 z  2z  4 Re z

  r  i2r  2z z   ze i2

Recall that the Euler's formula for z and z² are

z  re i  rcos  i sin

z  rei  rcos  i sin

zm  rme im  r3cosm  i sinm

and their real and imaginary parts are

Re z  r cos & Re zm  rm cosm

Imz  r sin & Imzm  rm sin m

Apply the Euler's formula to the above complex potentials so that

 z  S
4

1  2a2

z2
 S

4
1  2a2

r2e i2

 z  S
4

1  2a2

r2
ei2

4Re z  S 1  2a2

r2
cos2

(a) The first stress equation:

r    4 Re z  S 1  2a2

r2
cos2

Then,

(a)
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 z  S
4
 a2

2z2

 z   2Sa2

2z3
 Sa2

z3
 Sa2

r3e i3
 Sa2

r3
ei3

 z  Sa2

r3
cos3 (Real part)

Thus,

zz  rei  Sa2

r3ei3
 Sa2

r2
ei4

(b) The second potential:

 z   S
2

1  a2

z2
 3a4

z4
  S

2
1  a2

r2ei2
 3a4

r4ei4

Hence,

  r  i2r  2z z   ze i2

  r  i2r  2 Sa2

r2
ei4e i2  S

2
e i2  Sa2e i2

2r2e i2
 3Sa4e i2

2r4e i4

  r  i2r  S 2a2

r2
ei2  e i2  a2

r2
 3a4

r4
ei2

Real parts:

  r  S 2a2

r2
cos2  cos2  a2

r2
 3a4

r4
cos2

Add eqs. (a) and (c) and solve for σθ

  S
2

1  a2

r2
 S

2
1  3a4

r4
cos2

Use eq. (a) to solve for σr

r  S
2

1  a2

r2
 S

2
1  4a2

r2
 3a4

r4
cos2

Using the imaginary part of eq. (b) yields shear stress τrθ as

i2r  S i 2a2

r2
sin2  i sin2  i 3a4

r4
sin2

r  
S
2

1  2a2

r2
 3a4

r4
sin 2

At r = a

r  0

  S  2S cos2  S1  2 cos2

r  0

(b)

(c)

(d1)

(d2)

(d3)

(f1)

(f3)

(f2)
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1.10 Use the Cauchy-Riemann condition to show that (a) f(z) = 1/z is analytic and (b) its
derivative is f(z)= -1/z².

Solution:
(a) If z = x + iy, then

1
z  1

xiy
 1

xiy

xiy

xiy


xiy

x 2y2

1
z  x

x 2y2


iy

x 2y2

Let

u  x

x 2y2
v  

y

x2y2

Then

u
x


x 2y2 x x x 2y2 

x 2y2 2


x 2y22x 2

x 2y2 2


y2x 2

x 2y2 2

u
y

 
2xy

x 2y2 2

and

v
x


2xy

x2  y2
2

v
y

 x2  x2

x2  y2
2

Thus,

u
y

  v
x

Therefore, f(z) = 1/z is analytic because ∂u/∂y = ∂v/∂x. 

(b) The derivative of f(z) = 1/z is

f z  d
dz
 1

z  
u
x
 i v

x

f z 
y2x 2

x 2y2 2
 i

2xy

x 2y2 2


yix2

x 2y2 2


iiyx 2

i x 2y2 2


xiy2

x 2y2 2
  z2

xiyxiy2

  z2

zz2
  1

z2



Chapter 1 Fracture Mechanics, 2nd ed. (2015) Solution Manual

12

1.12 Evaluate the Cauchy integral formula given below for the complex function when zo = π. 

fzo  1
2i
 cosz

z21
dz

Solution:
The integral has to be modified as

fzo  1
2i
 cosz

z2  1
dz

fzo  1
2i
 cosz
z  1z  1

dz

fzo  1  fz
z  1

dz

 fz
z  1

dz  2ifzo 

where

fz  cos z
z1

Then,

 fz
z  1

dz  2ifzo 

 fz
z  1

dz  2i
coszo

zo  1 zo

 fz
z  1

dz  2i cos
  1

 1. 52i
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CHAPTER 2

INTRODUCTION TO FRACTURE
MECHANICS

2.1 Show that the applied stress 0 as the crack tip radius .0 Explain

Solution:

From eq. (2.28),

a
and

a 



 maxmax

2

1
2 

Therefore, 0 as .0 This means that the applied stress 0 since the material has

fractured or separated, at least into two pieces, and there is not a crack present so that .0 On

the other hand, 0 means that the existing crack is very sharp as in the case of a fatigue

crack.

2.2 For a Griffith crack case, crack propagation takes place if the strain energy satisfies the
inequality   aaaUaU  2)()( , where a crack extension and  is the surface energy.

Show that the crack driving force or the strain energy release rate at instability is .
a

U(a)
G






Solution:

Use the Taylor’s series to expand the left side term of the inequality. Thus,

..............3
3

)(
3

!3

12
2

)(
2

!2

1)(

!1

1
)()( 














 a

a

aU
a

a

aU
a

a

aU
aUaaU (2.1)

Using the first two terms yields

a
a

aU
aUaaU 






)(
)()(

(2.2)

a
a

aU
aaUaU 






)(
)()( (2.2)
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Then,

aa
a

aU





 2

)(
(2.3)

G
a

aU





 2

)(
(2.4)

Therefore,

a

aU
G






)(
(2.5)

2.3 A 1mmx15mmx100mm steel strap has a 3-mm long central crack is loaded to failure.

Assume that the steel is brittle and has ,000,207 MPaE  ,1500 MPays  and

.70 mMPaK IC  Determine the critical stress )( c and the critical strain energy release rate.

Solution:
a = 1.5 mm and 100.w/a 

The geometry correction factor:

07.1tan)/( 









w

a

a

w
waf






The stress intensity factor

aK fIC  

MPa
a

K IC
c 1020

2






The strain energy release rate

E

K IC
IC

2

G

mkPaIC  70.23G
2/70.23 mkNIC G

2.4 Suppose that a structure made of plates has one cracked plate. If the crack reaches a
critical size, will that plate fracture or the entire structure collapse? Explain.

Answer: If the structure does not have crack stoppers, the entire structure will collapse since the
cracked plate will be the source of structural instability.
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2.5 What is crack instability based on according to Griffith criterion?

Answer: It is based on the energy consumption creating new surfaces or in developing crack
extension. This energy is the surface energy 2.

2.6 Can the Griffith Theory be applied for a quenched steel containing 1.2%C, if a penny-
shaped crack is detected?

Answer: Despite the quenched steel is brittle, the Griffith Theory applies only if a plastic zone
does not form at the crack tip.

2.7 Will the Irwin Theory (or modified Griffith Theory) be valid for a changing plastic zone size
as the crack advances?

Answer: No. It is valid if the plastic zone remains constant as it the case in many materials
under plane strain conditions.

2.8 What are the major roles of the surface energy and the stored elastic energies in a crack
growth situation?

Answer: The surface energy acts as a retarding force for crack growth and the stored elastic
energy acts to extend the crack. Thus, concurrent with crack growth is the recovery of elastic
strain energy by the relaxation of atomic bonds above and below the fracture plane.

2.9 What does happen to the elastic strain energy when crack growth occur?

Answer: It is released as the crack driving force for crack growth.

2.10 What does U/a = 0 mean?

Answer: Crack growth occurs at ,f  as shown in eq. (2.23), since the magnitude of crack

growth and the crack resistance force become equal. That is,

E

a
s

2

2


 

If
E

a
s

2

2


  , then fracture occurs and the fracture toughness without any plastic zone

deformation is
s
γ

c
G 2 at ,f  as shown in eq. (2.31) with .p 0 Thus,

s
γ

c
G 2 is related

to an irreversible process of fracture.
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2.11 Derive eq. (2.28) starting with eq. (2.20).

Solution:

From eq. (2.20),

Multiplying this expression by  yields the stress intensity factor as per

eq. (2.28)

a
a




 max
2

1

aK I 










a

a
K t





max

max

2

1

2
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CHAPTER 3

LINEAR ELASTIC FRACTURE
MECHANICS

3.1 A steel strap 1-mm thick and 20-mm wide with a through-the-thickness central crack 4-mm

long is loaded to failure. (a) Determine the critical load if KIC = 80 MPa m for the strap
material. (b) Use the available correction factor, )/( waf , for this crack configuration. Now,

do the following three comparisons to have a better understanding: Feddersen:

  )( fractionc , Irwin:   )( fractionc and Koiter-Benthem:   )( fractionc .

Solution:

B = 1mm, w = 20mm, 2a = 4 mm, a/w = 0.10, KIC = 80 MPa m ,  wafaK cI /  ,

(a) Finite plate:

From eqs. (3.31) and (3.32) along with ooradwa 7296.5/)10.0)(180(.10.0/  

Feddersen [12]:    f a
w

a
w sec . 1025  c MPa 984 64.

Irwin [13]:  f a
w

w

a

a

w













tan .1017  c MPa 992 38.

Koiter-Benthem [14]:      f a
w a

w

a
w

a
w


 







1

1 2
1 1304 1021

2

. .  c MPa 988 49.

(b) Infinite plate approach [a/w  0 since f(a/w)  1].

 
MPa

m

mMPa

a

K IC
c 25.1009

102

80
3









Feddersen: (infinite)%56.97 cc  

Irwin: (infinite)%33.98 cc  

Koiter: (infinite)%94.97 cc  

Therefore, the calculated c values do not differ much since the plate dimensions are large

enough and the initial crack size is relatively small.

B=1 mm

P P2a w
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3.2 A steel tension bar 8-mm thick and 50-mm wide with an initial single-edge crack of 10-mm
long is subjected to a uniaxial stress  = 140 MPa. (a) Determine the stress intensity factor KI. If

KIC = 60 MPa m , is the crack stable? (b) Determine the critical crack size, and (c) determine the
critical load.

Solution:

 = P/A= 140 MPa, KIC = 60 MPa m , 









w

a
faK I 

B = 8 mm, w = 50 mm, a = 10 mm, x = a/w = 0.20, A = Bw

From Table 3.1, aK I   and

         432
38.3071.2155.10231.012.1 xxxxxf 

  37.120.0  xf

(a) The applied stress intensity factor

KI = 34 MPa m

KIC = 60 MPa m

Therefore, the crack is stable because KI < KIC.

(b)  xfaK cIC .

 
mmm

xf

K
a IC

c 10.310311.0
1

2















(c) The critical load

A

P


   242 104400508 mmmmmmmBwA 

  (Applied)56056.0140104
2

24 kNMN
m

MN
mAP 








 

 

 

 
(Critical)84.980988.0

101037.1

60104

3

2

4

kNMN
m

m
m

MN

axf

AK
P IC

c 



















B

P P
a

w
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3.3 A very sharp penny-shaped crack with a diameter of 22-mm is completely embedded in a
highly brittle solid. Assume that catastrophic fracture occurs when a stress of 600 MPa is
applied. a) What is the fracture toughness for this solid? (Assume that this fracture toughness is
for plane strain conditions). b) If a sheet 5-mm thick of this solid is prepared for fracture-
toughness testing. Would the fracture-toughness value [(calculated in part a)] be an acceptable
number according to the ASTM E399 standard? Use ys = 1342 MPa. c) What thickness would
be required for the fracture-toughness test to be valid?

Solution:

a)     mMPamMPaaK IC 711011600
22 3  





b) mm
MPa

mMPaK
B

ys

IC 7
1342

71
5.25.2

22
































> 5 mm (Not valid)

c) mmB 7

3.4 (a) One guitar steel string has a miniature circumferential crack of 0.009 mm deep. This
implies that the radius ratio is almost unity, 1/ Dd . b) Another string has a localized miniature

surface crack (single-edge crack like) of 0.009 mm deep. Assume that both
strings are identical with an outer diameter of 0.28 mm. If a load of 49 N is
applied to the string when being tuned, will it break? Given properties:

.795,15 MPamMPaK ysIC  

Solution:

(a) Circumferential crack

If mm
dD

a 009.0
2




 , then mmd 262.0

MPa
mx

N

d

P
87.908

)10262.0(

)49)(4(4
32













































32

73.036.0
8

3

2

1

2

1
)/(

D

d

D

d

D

d

d

D

d

D
Ddf

,9357.0/ DdFor

14.1




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   mMPaK

aK

I

I

310009.087.908)14.1( 





 

mMPaK I 51.5

(b) Surface edge crack

12.1

aK I  

   mMPaK I
310009.087.908)12.1(  

mMPaK I 41.5

Therefore, the strings will not break since ICI KK  in both cases. When 1/ Dd and the crack

size is very small, either approach gives similar results.

3.5 A 7075-T6 aluminum alloy is loaded in tension. Initially the 10mmx100mmx500mm plate
has a 4-mm single-edge through–the-thickness crack. (a) Is this test valid? (b) Calculate the
maximum allowable tension stress this plate can support, (c) Is it necessary to correct KI due to
crack-tip plasticity? Why? or Why not? (d) Calculate the design stress and stress intensity factor

if the safety factor is 1.5. Data: ys = 586 MPa and KIC = 33 MPa m .

Solution:

(a) mm
K

B
ys

IC 93.75.2
2









 

and 0375.0
w

a

Plane strain condition holds because the actual thickness is greater than the required value.

(b) aK I   ; a = 4 mm and w = 100 mm

 
432

38.3071.2155.10231.012.1 




































w

a

w

a

w

a

w

a
w

af

    13.104.0  f
w

af

Thus,

MPa
a

K IC 261



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(c) Plastic zone correction:

mm
K

r
ys

IC 17.0
6

1
2









 

raaaK effeffeff  with  = 4.17 mm

    
mMPaK

mxMPaK

eff

eff

76.33

1017.426113.1 3



 

Therefore, there is no need for crack tip plasticity since ICeffI KK , .

(d) MPa
MPa

SF
d 174

5.1

261





mMPa
mMPa

SF

K
K IC

Id 22
5.1

33


3.6 A steel ship deck (30mm thick, 12m wide, and 20m long) is stressed in the manner shown

below. It is operated below its ductile-to-brittle transition temperature (with KIc = 28.3 MPa m ).
If a 65-mm long through–the-thickness central crack is present, calculate the tensile stress for
catastrophic failure. Compare this stress with the yield strength of 240 MPa for this steel.

Solution:

2a = 65mm   0a/wsince1/  waf

w = 12 m
L = 20m

2a PP

T

KI

(MPa m )

or

CVN

Energy
(Joules)

Transition Range.
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aK IC   mMPaK IC 3.28 and  ys MPa 240

MPa

m

mMPa

a

K IC 57.88

10
2

65

3.28

3



















Therefore,   ys and to assure structural integrity, the safety factor (SF) that can be used to

avoid fracture or crack propagation is in the order of

71.2
57.88

240


MPa

MPa
SF

ys





3.7 Show that 0
da

K I for crack instability in a large plate under a remote tensile external stress.

Solution:

aK I 

0
2

1


ada

dK I 
 since 0 and 0a

3.8 The plate below has an internal crack subjected to a pressure P on the crack surface. The
stress intensity factors at points A and B are

 



 dx

xa

xa

a

P
K A



 



 dx

xa

xa

a

P
K B



Use the principle of superposition to show that the total stress intensity factor is of the form

aPK I 

Solution:
According to the principle of superposition, the total stress intensity factor is

























22
2

xa

dxa
Pdx

xa

xa

xa

xa

a

P
KKK BAI



P

A

B

2a
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Furthermore,

22

2

xa

a

)xa)(xa(

)xa()xa(

xa

xa

xa

xa

xa

xa

xa

xa




























 
 a

x
ar

xa

dx
sinc

22

and

a

xa
PK I arcsin2




If x = a on the crack surface, then   o902/1arcsin   and

aPa
P

a

x
ar

a
PK I 







2

2
sin2

3.9 A pressure vessel is to be designed using the leak-before-break criterion based on the
circumferential wall stress and plane strain fracture toughness. The design stress is restricted by

the yield strength ys and a safety factor (SF). Derive expressions for (a) the critical crack size

and (b) the maximum allowable pressure when the crack size is equals to the vessel thickness.

Solution:

Select some alloy having known ICK and ys values. The alloy with the highest
ys

ICK



2

and

2















ys

ICK


values should be used for constructing the pressure vessel.

(a) The critical crack size

F

ys

d

cIC

S

aK




 





Thus,

22
1


























ys

ICF
c

c

F

ys

IC

KS
a

a
S

K




 
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3.10 A stock of steel plates with GIC = 130 kJ/m², σys = 2,200 MPa, E = 207 GPa, v = 1/3 are
used to fabricate a cylindrical pressure vessel (di = 5 m and B = 25.4 mm). The vessel fractured
at a pressure of 20 MPa. Subsequent failure analysis revealed an internal semi-elliptical surface
crack of a = 2.5 mm and 2c = 10 mm. (a) Use a fracture mechanics approach to predict the
critical crack length this steel would tolerate. (b) Based on this catastrophic failure, another
vessel was constructed with do = 5.5 m and di = 5 m. Will this new vessel fracture at a pressure
of 20 MPa if there is an internal semi-elliptical surface crack having the same dimensions as in
part (a)?

Solution:

(a) The vessel is based on the thin-wall theory since the thickness is

mm
mmxd

B i 250
20

105

20

3

 (Requirement)

mmB 4.25 (Given) is less than the required thickness. So use the thin-wall theory.

Thus, the fracture hoop stress is

h 
Pidi

2B


20 MPa 5x103 mm

2 25.4 mm

h  1,968.50 MPa

Using eq. (2.34) yields the critical crack length

ac 
EGIC

 1  v2h
2

ac 
207x103 MPa 130x103 MPa.m

 1  1/32 1,968.50 MPa
2

ac  2.49 mm  2.5 mm

(b) For the new vessel,

B  do  di

2


5.6 m  5 m
2

 0.30 m

do

di
 5.6

5
 1.12

Also,

h 
do/di 

2  1

do/di 
2  1

Pi  8.86Pi

h  8.8620 MPa  177.23 MPa

  h  Pi  9.86Pi  197.23 MPa
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Then,

a/2c  2.5/10  0.25

/ys  197.23/2,200  0.09

From eq. (3.44),

Q  
2

2 3
4
 a

2c

2 2

 7
33


ys

2

Q  
2

2 3
4
 0.252

2
 7

33
0.092

Q  1.63

Thus, the applied stress intensity factor is

KI   a
Q

KI  197.23 MPa
 2.5x103

1.63

KI  13.69 MPa m

From eq. (2.33) at fracture,

KIC  EGIC

1  v2

KIC 
207x103 MPa 130x103 MPa.m

1  1/32

KIC  174 MPa m

Therefore, the new vessel will not fracture because KI < KIC.

3.11 A cylindrical pressure vessel with B = 25.4 mm and di = 800 mm is subjected to an internal

pressure Pi. The material has mMPaK IC 31 and σys = 600 MPa. (a) Use a safety factor to

determine the actual pressure Pi. (b) Assume there exists a semi-elliptical surface crack with a =
5 mm and 2c = 25 mm and that a pressure surge occurs causing fracture of the vessel. Calculate
the fracture internal pressure Pf. (c) Calculate the critical crack length.

Solution:

(a) Let's figure out which pressure vessel wall theory should be used.

B 
d i

20


800 mm

20
 40 mm
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Therefore, the thin-wall theory should be used. The actual or applied pressure is

h 
Pidi

2B

ys

SF

Pi 
2Bys

SFdi


2 25.4 mm 600 MPa

2.5 800 mm

Pi  15.24 MPa

(b) Using the principle of superposition yields

  h  Pi 
Pidi

2B
 Pi

  di

2B
 1 Pi  800

2x25.4
 1 Pi

  16.75Pi  16.75 15.24 MPa

  255.24 MPa (Actua l)

Also,

a
2c

 5
25

 0.20


ys

 255.24
600

 0.43

a
B

 5
25.4

 0.20

M  Mk  1 [See eq.(3.46) & Figure 3.6]

From eq. (3.44),

Q  
2

2 3
4
 a

2c

2 2

 7
33


ys

2

Q  
2

2 3
4
 0.22

2
 7

33
0.432

Q  1.50

From eq. (3.41),

KIC  MMk
a
Q

 16.75Pf
a
Q

Now, the surge pressure is

Pf 
KIC

16.75
Q
a 

31 MPa m
16.75

1.50
 5x103 m

Pf  18.09 MPa
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(c) The critical crack length is

KIC   a
Q

 16.75Pi
ac

Q

ac 
Q


KIC

16.75Pi

2

 1.5


31 MPa m

16.75  15.24 MPa

2

ac  7.04 mm

3.12 This is a problem that involves strength of materials and fracture mechanics. An AISI 4340
steel is used to design a cylindrical pressure having an inside diameter and an outside diameter of
6.35 cm and 12.07 cm, respectively. The hoop stress is not to exceed 80% of the yield strength of
the material. (a) Is the structure a thin-wall vessel or a thick-wall pipe? (b) What is the internal
pressure? (c) Assume that an internal semi-elliptical surface crack exist with a = 2 mm and 2c =
6 mm. Will the vessel fail? (d) Will you recommend steel for the pressure vessel? Why? or Why
not? (e) What is the maximum crack length the AISI 4340 steel can tolerate? Explain.

Solution: Internal Crack External Surface

From Table 3.2, σys = 1,476 MPa and KIC = 81 MPa for AISI 4340 steel.

(a) Using the diameters yields

do

di
 12.07

6.35
 1.09

B  do  di

2


12.07 cm  6.35 cm
2

B  2.86 cm

Therefore, the pressure vessel is based on the thick-wall theory because

do

di
 1.1

B  di

20
 0.32

(b) From eq. (3.43e),

h 
do/di 

2  1

do/di 
2  1

Pi  0.8ys

Pi  0.8ys
do/di 

2  1

do/di 
2  1

mdmd Oi 07.1235.6 
a

2c

mmcmma 62and2 
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Thus, the internal pressure is

Pi  0.8 1,476 MPa
1.092  1

1.092  1


Pi  101.51 MPa

(c) Fracture mechanics:

  h  Pi  0.8ys  Pi

  0.81,476 MPa  101.51 MPa

  1,282.30 MPa

Thus, a/2c = 2/6 = 0.33, σ/σys = 0.87 and the shape factor becomes

Q  
2

2 3
4
 a

2c

2 2

 7
33


ys

2

Q  
2

2 3
4
 0.332

2
 7

33
0.872

Q  1.66

Then,

KI   a
Q

 1,282.30 MPa
 2x103 m

1.66

KI  78.89 MPa m

Therefore, the pressure vessel will not fail because KI < KIC.

(d) Denote that KI is slightly below the KIC value and safety precautions should be taken because
a minor increase in pressure due to a pressure surge will cause fracture. The margin of safety is
very small and therefore, a new steel should be used having a higher KIC value.

(e) The critical crack length is

KIC   ac

Q

ac 
Q


KIC


2

 1.66


81 MPa m

1,282.30 MPa

ac  2.11 mm

This result implies that the pressure vessel may fracture because the existing crack of 2 mm in
length is approximately 5% smaller than its critical value. Therefore, a new steel should be used
to design the pressure vessel having the same dimensions and being subjected to the design
conditions.
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3.13 A simple supported beam made of soda glass (E =71 MPa and GIC = 12 J/m²) is subjected to
a uniformly distributed bending load as shown in the figure below. Assume an initial crack
length of 0.1 mm due to either stress corrosion cracking (SCC) or a mechanical defect introduced
during fabrication or handling. The design stress (working stress) and the crack velocity equation

are 0.10 MPa and   83.1524.6 I
m
I Km/sKv   , respectively. Use this information to calculate the

lifetime of the beam if the maximum bending stress is given by σ = (MB/2)/I and M = σdL²/8,
where the second moment of area is I = wB³/12.

P

a
mL

mmw

mmB

2

200

15







Solution:

Given data: ,.12/12 2 mPamJGI  GPaE 71

,20 mmB  ,200 mmw  mL 2

The applied stress

   
   

MPa
mmmm

mmMPa

wB

Ld 67.6
152004

000,210.03

4

3
2

2

2

2






Using Griffith expression, eq. (2.34), gives the critical crack length

  
  

mm
MPa

mMPaxMPaxEG
a IC

c 10.6
67.6

.10121071
2

63

2






This is a large crack length for a brittle material such as soda glass. The applied and the critical
stress intensity factors, eq. (3.29), are

    
     mMPamxMPaaK

mMPamMPaaK

cIC

I

03.11010.667.612.1

13.01067.612.1

3

4









 

 

The crack velocity equation can be rearranged using the Chain Rule. Thus,

dt

dK

dK

da

dt

da
v I

I


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But,

aK I  

22

2


IK

a 

Then,

22

2


I

I

K

dK

da


and

dt

dKK

dt

da
v II

22

2


 &   83.1524.6 I

m
I Km/sKv  

dt

dKK
K IIm

I 22

2


 

Rearranging this equation and integrating with respect to time yields






IC

I

f K

K

I
m

I

t

o

Im
I

I

dKKdt

dK
K

K
dt

1

22

22

2

2





where  m
I

m
ICK

K

m

K

K

I
m

I KK
m

K
m

dKK
I

ICIC

I

 






2221

2

1

2

1

Then,

 

      
    83.15283.152

22

22

22

13.003.1
283.15

1

24.667.612.1

2

2

12






























m/sMPa
t

KK
m

t

f

m
I

m
ICf





yearsxt f 52.7seconds103733.2 8 

Therefore, the beam will last 7.53 years prior to fracture.



Chapter 3 Fracture Mechanics, 2nd ed. (2015) Solution Manual

15

3.14 Plot the given data for a hypothetical solid SE(T) specimen and determine the plane strain

fracture toughness KIC. Here,  )/( waf is the modified geometry correction factor.

a1/2 m1/2  6 9.8 15 18 22 25 35 38

 MPa 30 50 70 90 116 122 175 190

Solution:

The plot

Linear curve fitting gives

 
 

mMPaaK

mMPa
a

Slope

IC 0144.5

0144.5
2/1











 

 

0.42832-5.0144a-1/2 

403020100

200

150

100

50

0

 2/12/1  ma

 MPa

 

mMPa5.0144Slope 

403020100

200

150

100

50

0

 2/12/1  ma

 MPa

 

mMPa5.0144Slope 
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3.15 A pressure vessel (L >> B = 15 mm, di = 2 m) is to be made out of a weldable steel alloy
having σys = 1,200 MPa and KIC = 85 MPa. If an embedded elliptical crack (2a = 5 mm and 2c =
16 mm) as shown below is perpendicular to the hoop stress, due to welding defects, the given
data correspond to the operating room temperature and the operating pressure is 8 MPa, then
calculate the applied stress intensity factor. Will the pressure vessel explode?

Solution:

do  di  2B  2 m  2  15  103 m  2.03 m

do

di
 2.03

2
 1.02

B  di

20


2  103 mm
20

 100 mm

The pressure vessel is of thin-wall type because do/di  1.1 and B  di/20. The hoop stress and
the stress intensity factor for the embedded elliptical crack are, respectively

where

Then,

The pressure vessel will not explode because KI < KIC.

2c

2a B
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3.16 A steel pressure vessel subjected to a constant internal pressure of 20 MPa contains an
internal semi-elliptical surface crack with dimensions shown below. Calculate IK when (a) Q

and ysσ/σ in eq. (3.44) and (b)   651
46411

.
a/c.Q  as per reference [31]. (c) Compare results

and explain. (d) If fracture does not occur, calculate the safe factors )(a
FS and .)(b

FS Explain the

results. Data: mMPaK IC 92 , MPays 900 , 3.0v and .30 mmB 

Solution:

For 041./dd io  and     mmm./mm./ddB io 20020210412 

MPaPi 20 , 4/18/22/ ca

(a)   ysi
i

i
ii

ih σMPaMPa
m.x

m
P

B

d
P

B

dP
Pσσ 

















 52020

0202

1
1

2
1

2

0.57778900/520/ ys

  5581157778.0
33

7

4

1

4

3

2

33

7

24

3

2

2

222

2222

.
π

Q

c

aπ
Q

ys

















































































   
mMPa

x
MPa

Q

a
K I 98.36

5581.1

102
52012.112.1

3






(b) For     4665.14/2464.11/464.11
65.165.1
 caQ ,

   
mMPa

x
MPa

Q

a
K I 12.38

4665.1

102
52012.112.1

3






Validity as per ASTM E399

OK!BB

mmmx
MPa

mMPa
.

σ

K
.B

ASTMmm

ys

IC
ASTM




























 

30

12.26106123.2
900

92
5252 2

22

di = 1 m
do = 1.04 m

a

2c = 8 mm B

a = 2 mm
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(c) Comparing these results yields )()( 97.0 b
I

a
I KK  and the percent error is

%3100
12.38

98.3612.38
% 


 xError

This indicates that the Q equations give dissimilar results despite the different mathematical
approaches being used. Nonetheless, both calculated IK values are below ICK and therefore,

fracture does not occur.

(d) Since ICI KK  the safety factor can be calculated. Thus,

49.298.36/92/ )()(  a
IIC

a
F KKS

41.212.38/92/ )()(  b
IIC

b
F KKS

These are reasonably high values and therefore, the pressure vessel can be kept in service, but a
nondestructive technique must be used to monitor any crack growth that may lead to caa  and

.ICI KK 

3.17 An aluminum-alloy plate has a plane strain fracture toughness of 30 MPa m . Two
identical single-edge cracked specimens are subjected to tension loading. (a) One specimen
having a 2-mm crack fractures at a stress level of 330 MPa. Calculate the geometry correction

factor  ./ waf (b) Will the second specimen having a 1-mm crack fracture when loaded at

430 MPa?

Solution:

(a) The geometry correction factor is

 
   

1.1469
102330

30
/

3


 mxMPa

mMPa

a

K
waf IC




(b) The stress intensity factor for the second specimen is

     mMPamxMPaaK I 64.271014301469.1 3   

Therefore, fracture will not occur because .ICI KK 



Chapter 3 Fracture Mechanics, 2nd ed. (2015) Solution Manual

19

EXTRA PROBLEM NOT INCLUDED IN THE BOOK

A thin-walled cylindrical pressure vessel contains gas at a pressure of 100 MPa. During the
initial pressurization of the vessel, the axial and tangential strains were measured on the inside
surface as xx = 500x10-6 and yy = 750x10-6, respectively. Calculate a) the axial and hoop
stresses associated with these strains. Assume that an undetected internal semi-elliptical surface
crack (a = 1 mm deep and 4 mm long) grows 0.5 mm/year and that the pressure remains
constant. b) Deduce whether or not the vessel will fracture by calculating the applied stress
intensity factor using the constant hoop stress (tangential stress) and c) if the vessel will not
fracture, then calculate the time it takes for such unpleasant occurrence.

Note: Only the shape factor should be used to
correct the stress intensity factor KI.

Given data: ys  600 MPa

K IC  30 MPa m
E  207 GPa
v  0.3
B  2 cm
d  0.50 m (Diameter)
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Solution:

a) From eq. (1.6) along with ,Pzz  the inner strains are

xx

yy

 1
E

xx  vyy  P

yy  vxx  P
(1.6)

Solving these two equations simultaneously yields

xx 
E

1v
yy 

xxyy

1v
 vP

1v
 E

1v2
xx  vyy  

vP
1v

(a)

yy  Eyy  vxx  P (b)

Given data:

xx  500  106 yy  750  106 E  207,000 MPa
ys  600 MPa KIC  30 MPA m

Thus,

xx 
207,000 MPa

10.3 2
500  106  0.3 750  106  0.3

10.3
100 MPa

xx  122. 06 MPa (Axial Stress)

yy  207,000 MPa 750  106  0.3 122.06 MPa  100 MPa

yy  161. 87 MPa (Hoop Stress or Tangential Stress)

b) ASTM E399 thickness requirement, eq. (3.30):

a, BASTM  2.5  103 30
600

2
 6. 25 mm

B  BASTM, but a is not met for use LEFM.

The valid average tangential or hoop stress
regardless of the wall thickness is

av  yy,av 
Pd
2B


1000.510 2 cm

22 cm
 1,250 MPa

The applied stress intensity at initial pressurization hoop stress is
E  207 GPa KIC  30 MPa m v  0.3
  yy  161.87 MPa ys  600 MPa
/ys  161.87/600  0.26978
a  1 mm 2c  4 mm a/2c  0.25

Q  
2

2 3
4
 a

2c

2 2
 7

33

 ys

2
 1.6134

KI   a/Q  161.87 MPa
 110 3 m

1.6134
 7. 14 MPa m



Chapter 3 Fracture Mechanics, 2nd ed. (2015) Solution Manual

21

 The the initial pressurization process of the vessel will not cause

fracture because K I  K IC at   yy  161.87 MPa.

 If a  B  20 mm (leak-before-fracturecondition), then

K I  yy a/Q  161.87 MPa
 20103 m

1.6134
 31. 94 MPa m

Therefore, fracture will occur because K I  31. 94 MPa m K IC

 When yy  av fracture will occur because

K I  av a/Q  1,250 MPa
 1103 m

1.6134
 55. 16 MPa m

K I K IC  30 MPa m

c) If the tangential stress, yy  161. 87 MPa, is assumed constant
thoughtout the test, then the critical crack length becomes

KIC   ac/Q

ac 
Q


KIC

yy

2
 1.6134

 103 30
161.87

2
 17. 64 mm

ac  B  20 mm

Thus, the life of the vessel is approximately

t  ac  a/da/dt  17. 64 mm  1 mm / 0. 5 mm/year

t  33.28 years

This is an unrealistic result because yy  av after the initial pressurization
process is completed. Consequently, the vessel fractures immediately and its
lifetime is basically t  0.
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CHAPTER 4

ELASTIC STRESS FIELD EQUATIONS

4.1 (a) Calculate KI using the singularity and non-singularity stresses for a single-edge cracked
plate having a = 4 mm, x = 0.1, and L/w ≥ 1.5, and subjected to 300 MPa in tension. (b) Plot the
stress ratio Tx/ and the biaxiality ratio  as functions of x = a/w.

Solution:

Given data: ,300 MPa ,1.0x mxa 3104 

The stress ratio

 
 

56688.0

1966.07974.0755.02049.0641.0526.0
1

1 5432

2












x

x

T

xxxxx
x

T

    
MPaT

MPaT

x

x

06.170

30056688.056688.0



 

The biaxiality ratio

 
 

46444.0

859.06195.10777.0433.11414.0469.0
1

1 5432

2/1










 xxxxx
x

2) Single-edge Crack (SET)





w

a      

 4

32

/38.30

/71.21/55.10a/w0.23-1.12

wa

wawa





5.1/ wL and a/wx 
L

K I   a



Chapter 4 Fracture Mechanics, 2nd ed. (2015) Solution Manual

2

Plots:

Stress ratio approach:

 

mMPaK

mx
MPa

a
T

K

I

x
I

05.41

104
46444.0

06.170

)2(

3)2(















 



Classical approach:

The geometry correction factor

       

       
1838.1

1.038.301.071.211.055.101.023.012.1

38.3071.2155.1023.012.1
432

432











 a/wa/wa/wa/w

The stress intensity factor

    
mMPaK

mxMPaaK

I

I

81.39

1043001838.1

)2(

3)1(



 

Therefore, the xT stress approach gives slight higher values for .IK

ParameterParameter

x



 Tx

 



Chapter 4 Fracture Mechanics, 2nd ed. (2015) Solution Manual

3

4.2 Using the information given in problem 4.1, calculate the stress intensity factor IK when the

stress ratio is .0xT

Solution:

mxa 3104  MPa300 1.0/  wax

       
1838.1

1.038.301.071.211.055.101.023.012.1

38.3071.2155.1023.012.1
432

432











 xxxx

    
mMPaK

mxMPaaK

I

I

81.39

1043001838.1 3



 

4.3 Assume that a single-edge crack in a plate is loaded in tension. Derive the dominant near

crack-tip stresses in Cartesian coordinates using the Westergaard complex function

  aK
z

K
zZ I

I 


 where
2

Solution:

Polar coordinates:

,cosrx  ,sinry  ,22 yxr 

2
sin

2
cossin

2

1 
 

From Euler’s formulas,

  sincos2/ irrez iθ 









 

2
sin

2
cos2/12/2/1 

irerz iθ









 

2

3
sin

2

3
cos2/32/32/3 

irerz θi

2) Single-edge Crack (SET)





w

a      

 4

32

/38.30

/71.21/55.10a/w0.23-1.12

wa

wawa






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Find the derivative of the Westergaard complex function

    2/32/32/3

2/3 222222
'&

2





iIIII er
K

z
K

z

K
zZ

z

K
zZ  

Using the Euler’s formula gives the Westergaard complex function in terms of trigonometric
functions

 

  























2

3
sin

2

3
cos

2222
'

2
sin

2
cos

222

2/32/32/3

2/12/2/1

2/







 ir
K

er
K

zZ

ir
π

K
er

π

K

πre

K
zZ

IiI

IiθI

iθ

I

The real and imaginary parts of the trigonometric functions are

 

 
2

3
cos

2
'Re

2
cos

2
Re

2/3

2/1













r
π

K
zZ

r
π

K
zZ

I

I  

 
2

3
sin

2
'Im

2
sin

2
Im

2/3

2/1













r
π

K
zZ

r
π

K
zZ

I

I

From eq. 4.11), the stress in the x-direction becomes

     












































2

3
sin

2
sin1

2
cos

2

2

3
sin

2
cos

2
sin

2
cos

22

3
sinsin

2

1

2
cos

2

2

3
sin

22
sin

2
cos

2
'ImRe

2/12/1

2/32/1
















πr

K

r
π

K
r

π

K

r
π

K
rr

π

K
zZyzZ

I
x

II
x

II
x

Similarly,

     












































2

3
sin

2
sin1

2
cos

2

2

3
sin

2
cos

2
sin

2
cos

22

3
sinsin

2

1

2
cos

2

2

3
sin

22
sin

2
cos

2
'ImRe

2/12/1

2/32/1
















πr

K

r
π

K
r

π

K

r
π

K
rr

π

K
zZyzZ

I
y

II
y

II
y

and

   

2

3
cos

2
sin

2
cos

2

2

3
cossin

2

1

22

3
cos

22
sin'Re 2/12/3










πr

K

r
π

K
r

π

K
rzZy

I
xy

II
xy











 
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4.4 Consider a unit circle with its center at the origin and let function      ziQzPzF  be

holomorphic inside the contour C. Also let the function  F take definite boundary values

where  ie gives the points on C. If the boundary condition is       fFF 
______

, then

determine the Cauchy Integral formulae and the integral for F(z).

Solution:

Multiply the equation for the boundary condition by

1
2i

d

z

and integrate around C to get the Cauchy Integral formulae as

1
2i


C

Fd

z
 1

2i


C

Fd

z
 1

2i


C

fd

z

The first integral is

Fz  1
2i


C

Fd

z

The second integral becomes

F0  ao  ia1

which are unknown so far. Then,

Fz  1
2i


C

fd

z
 ao  ia1

Let z = 0 so that

ao  1
2i


C

Fd


 1

2


o

2
fd

The remaining work to completely solve this problem can be found in Muskhelishvili's book,
1977 published edition, page 309-311.

4.5 Show that the fundamental combination of stresses can be defined in terms of Cauchy
Integral formulae.

x  y  1
i


C

hd

  z2
 1
i


C

hd

  z2
 1
i


C

hd

2

y  x  2ixy  1
i


C

hd

  z3
 1
i


C

hd

  z2
 1
iz2 C

hd

  z2

 1
iz2 C

hd

2
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Solution:

z  1
2i


C

h
  z

d  a1z

z  
C

h
  z

d 
 z

z 
a1
z

a1  a1 
1

2i


C

h

2
d

a2 
1

2i


C

h
3

d

The resultant expressions are

x  y  2  z   z

 1
i


C

h
  z2

d  2a1 
1
i


C

h
  z2

d  2a1

 1
i


C

hd

  z2
 1
i


C

hd

  z2
 1
i


C

hd

2

y  x  2ixy  2z z  z

 1
i C

hd

  z3
 1
i C

hd

  z2


2 z

z2
 2a1

z2

 1
i C

hd

  z3
 1
i C

hd

  z2
 1
iz2 

C

hd

  z2


2a1

z2


2a1

z2

 1
i


C

hd

  z3
 1
i


C

hd

  z2
 1
iz2 

C

hd

  z2

 1
iz2 

C

hd

2

4.6 Suppose that a plate containing a single unstressed crack (Figure 4,15) is deformed by the

unknown stresses at infinity and assume that the complex potential,   ,' xyizf   represents

the stress distributions across the crack contour C. (a) Determine the stress distribution on y = 0

outside the crack and (b) the upper and lower boundary functions for .ax 

Solution:

(a) Use eq. (4.124d) for z = x + iy = x since y = 0.

yy  ixy  
y
ixy

 

2
1  z

z2a2

In order to cover the stress distribution on the upper and lower planes the boundary function χ(z)

has to be rewritten as   2
2 axz  for x > a and x < a, respectively. Therefore, |x| ≥ a and

the stress distribution becomes

yy  ixy 
y
ixy

 

2

|x |

x 2a2
 1

(4.124)

(4.95a)



Chapter 4 Fracture Mechanics, 2nd ed. (2015) Solution Manual

7

(b) The upper and lower boundary functions for |x| ≤ a are

z  z  i a2  x2

since z – a = reiθ and z + a = reiθ so that for a unit disk with z = x + iy = x

z  x  ax  a  x2  a2  i a2  x2

z  i a2  x2

and

z  i a2  x2

 z  i a2  x2

4.7 Consider an infinite plate subjected to a tensile remote stress (S) normal to the direction of a
central crack. If the complex potentials for this type of crack are

z  S
4

2 z2  a2  z

 z  z  S
2

z  a2

z2  a2

then determine the crack tip stresses using the Westergaard stress function    zzZ '2 when

.ax 

Solution:

 z  S
4

2z

z2  a2
 1

Zz  2 z  S
2

z

z2  a2
 1

Zz  Z  S
2

1

z2  a2
 z2

z2  a2
3
2

The Westergaard stress functions, eq. (3.20) or (4.11), are

x  Re Z  y ImZ

y  Re Z  y ImZ

xy  y Re Z
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At y = 0 and z = x + iy = x > a, these stress functions become

x  Re Z  S
2

z

z2  a2
 1  S

2
x

x2  a2
 1

y  Re Z  S
2

x

x2  a2
 1

xy  0

#

For large z = x + iy = x since y = 0, the elastic stresses far from the crack tip vanish when x >> a
along the x-axis. Therefore,

x  0

y  0

xy  0

4.8 Consider the elliptical crack shown below and assume that the crack is in the z-plane where

az   and    .pzp  Derive the stress equations using the given crack geometry and the

Westergaard complex method.

   pzp 

ζ 

z

θ 

a

x

iy

Solution:

Let us move the origin to crack tip. Then the coordinates of P can be expressed in complex
variable az   . Use the Westergaard complex equation so that

Zz  

1  a/z2
 z

z2  a2

Z 
  a

  2a


a 1 

a

2a 1 


2a
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For |ζ| << a,

Z  a
2a


 a

2

Z  
 a

23/2

But ζ = reiθ and

Zr,  
 a

2re i 3/2


 a

2r3/2
ei/2

Zr, 
 a

2r
cos 

2
 i sin 

2

Zr, 
 a

2re i 3/2
 

 a

2r3/2
e i3/2

Zr, 
 a

2re i 3/2
 

 a

2r3/2
cos 3

2
 i sin 3

2

Then,

y  Re Z  y ImZ

y 
 a

2r
cos 

2
1  sin 

2
sin 3

2

and

x 
 a

2r
cos 

2
1  sin 

2
sin 3

2

xy 
 a

2r
cos 

2
sin 

2
sin 3

2

4.9 Assume that an infinite plate contains a through-central crack along the x-axis. If the plate is

subjected to a remote or infinite stress loading condition, ,Syy   ,0 
xyx  then use

the Sanford [54] modified Irwin-Sih complex potential

2 z  Zz  z

Here, γ′(z) may be defined by a Cauchy integral, Z(z) is the Westergaard complex function,
ψ∗(z) is a complex polynomial and z is the complex variable define as z = x + iy. Based on this
information, determine a function for the stress intensity factor KI and expand ψ∗(z) when n = 0
and 1, and z = a, half the crack length.
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Solution:

The Westergaard complex function and the complex polynomial are

Zz  KI

2z

z 
n0

m

bnzn/2

The given complex function yields

KI

2z
 2 z 

n0

m
bnzn/2

For n = 0 and 1 and z = a,

KI  2a 2 z  bo  b1z1/2 
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CHAPTER 5

CRACK TIP PLASTICITY

5.1 Use the inequality IIC KK  as a criterion for crack instability where IK is defined by

Irwin’s plastic zone corrected expression for a finite size, to determine if a steel pressure vessel
is susceptible to explode under MPa200 hoop stress. The vessel contains an internal

circular crack perpendicular to the hoop stress. If ,60 mMPaK IC  ,700 MPays  and the

crack size is 20 mm, (a) determine the ASTM E399 thickness requirement and the minimum
thickness to be used to prevent explosion, (b) Will crack propagation occur at 200 MPa? (c) Plot
B (thickness) vs. ys / for a = 10, 20, and 30 mm, and (d) Will the pressure vessel explode

when the crack size is 30 mm? Why? or Why not? and e) When will the pressure vessel
explode?

Solution:

(a) From eq. (5.12) along with



2

 ,

 2)/(5.01 ysI aK  

Let IIC KK  so that

22






























ys

I

ys

IC KK



22

5.25.2

Actualys

I

ys

IC KK

ASTM
































Thus,
2

5.2

Actualys

I
ASTM

K
B


















 






































































 


22

2

2
2

2

1
15.2

)/(5.01
5.2

ysysYS

ys
a

a
BASTM













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If the equality is used, then minBBASTM  is the minimum thickness required by the ASTM E399

standard testing method. Substituting values, such as ,285714.0/ ys a = 20 mm, and

 /2 in the derived thickness expression, yields mmBBASTM 41.5min  .

(b)    mMPaaK ysI 56.32/(5.01
2

  . Therefore, crack propagation will not

occur because ICI KK  . In this case, the crack is stable.

.
(c) Plot

 







































































 


22

2

2
2

2

1
15.2

)/(5.01
5.2

ysys

YS

ys

aB

a
B

ASTM

ASTM














(d) It will not explode since    mMPaaK yscI 40/(5.01
2

  and ICI KK  .

(e) Using   2
/(5.01 yscIC aK   yields the critical or maximum crack size as

mmac 91.67 . Therefore, the pressure vessel will explode when .91.67 mmaa c 

0

20

40

60

80

100

120

140

160

0.2 0.4 0.6 0.8 1

ys /

ASTMB 20

10

mma 30
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5.2 A project was carried out to measure the elastic-strain energy release rate as a function of
normalized stress  ys / of large plates made out a hypothetical brittle solid. All specimens had

a single-edge crack of 3-mm long. Plot the given data and do regression analysis on this data set.

Determine (a) the maximum allowable ys / ratio for mkPaGIC .30 and (b) ICK in

mMPa . Given data: 3.0v , MPays 900 and GPaE 207 .

ys / 0 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90

 mkPaGIC . 0 0.40 1.70 1.90 7.00 12.00 19.00 26.00 36.00 48.00

Solution: The required regression equation and the plot are given below and the
32

9570.144440.533168.72322.0













































ysysys

ICG












(a) Combining eqs. (3.5) and (5.12) yields

      

        42
22322

2222

0940.210980.42
000,207

5.019001033.0112.1

/5.01/1

xx
MPa

xxMPamx
G

E

av
G

IC

ysysys

IC













where 75.0/  ysx  at ..30 mkPaGIC 

(b) The fracture stress and the plane strain fracture toughness

  

  
mMPa

mMPaMPa

v

EG
K

MPaMPa

IC
IC 61.82

3.01

.03.0000,207

1

67590075.0

22










---------------------------------------------------------------------------------------------------------------------

0

10

20

30

40

50

0.2 0.4 0.6 0.8 1

ys /

 mkPa

GIC

.
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5.3 Determine the critical crack length of problem 5.2.

Solution:

ys / 0 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90

 mkPaGIC . 0 0.40 1.70 1.90 7.00 12.00 19.00 26.00 36.00 48.00

Combining eqs. (3.5) and (5.12) yields

      

        42
22322

2222

094.21098.42
000,207

5.019001033.0112.1

/5.01/1

xx
MPa

xxMPamx
G

E

av
G

IC

ysysys

IC













where 75.0/  ysx  at ..30 mkPaGIC  The fracture stress and the plane strain fracture

toughness

  

  
mMPa

mMPaMPa

v

EG
K

MPaMPa

IC
IC 61.82

3.01

.03.0000,207

1

67590075.0

22










Thus,

  
   mm

MPa

mMPaK
a

aK

ys

IC
c

ys

cIC

375.05.01
67512.1

61.821
5.01

1

5.01

12

2
122

2
























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
















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
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













































---------------------------------------------------------------------------------------------------------------------
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GIC
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5.4 A large brittle plate containing a central crack 4-mm long is subjected to a tensile stress of

800 MPa. The material has KIC = 80 MPa m , ys = 1200 MPa and v = 0.30. Calculate (a) the
applied KI, (b) the plastic zone size using the Von Mises yield criterion and prove that r = rmax

when .o  Consider all calculations for plane stress and plane strain conditions, and (c) draw

the entire plastic zone contour where the crack tip is the origin of the coordinates.

Solution:

(a)   mMPamMPaaK I 41.63102)800( 3   with 1)/(  waf

The crack is stable since KI < KIC.

(b) From eq. (5.52),

 







 


cos1sin

2

3

4

2

2

2

h
K

r
ys

I ;
  











strainplaneFor

stressplaneFor

21

1
2

v
h

If  = 0, then

r
hK I

ys


2

22
and










strainplane07.0

stressplane44.0

mm

mm
r

Using eq. (5.52) yields

 h
Kr

ys

I 













 




cos3sin

2

1
2

For maximum KI and critical plastic zone size r = rc, let




r
 0 so that

 















strainplaneFor94.86

stressplaneFor53.70

3
cos

0cos3sin

o

o

o





h

h

o

oo

Thus,

 
















strainplaneFor37.0

stressplaneFormm0.59
cos1sin

2

3

4

2

2

2

max
mm

h
K

r oo

ys

I 


Furthermore,

 


 
 

r K
hI

ys

 
4

3
2

sin cos
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    





 2

2

2

2

2

2

2

2

sin3cos3
4

cossin3cos3
4

 h
K

h
Kr

ys

I

ys

I














strainplane63.0

stressplane44.0

o

2

2

mm

mmr






Therefore, r = rmax at o since




2

2
0

r
 in both cases.

(c) The contours in polar coordinates are as per  







 


cos1sin

2

3

4

2

2

2

h
K

r
ys

I

---------------------------------------------------------------------------------------------------------------------

5.5 (a) Use the data given in Example 3.3 for a pressure vessel containing a semi-elliptical crack
(Figure 3.6) to calculate Irwin’s and Dugdale’s (a) plastic zones, (b) IK using Kabayashi’s finite

size correction factor )( and plasticity correction factor. (c) Compare results and determine the

percent error against each case. (d) Is it necessary to include a plastic correction factor? Explain.

Solution:

Data from Example 3.3:

a = 3 mm, 2c = 10 mm, B = 6 mm, ,420 MPa ,700 MPays  a/(2c) = 0.30, a/B = 0.50,

,60 mMPaK IC  ,60.0/ ys M = 1, Mk = 1.12, and Q = 1.70 .

The correction factor and the stress intensity factor are, respectively

127.0/12.1  QMM k

mMPaaK I 18.5 

-0.4

-0.2

0

0.2

0.4

-0.1 0.1 0.2 0.3 0.4

Crack Tip

Plane stressPlane Strain

 mmr

 Radians
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Comparison:

(a) Irwin’s Approach: Dugdale’s Approach:

127.0/12.1  QMM k 127.0/12.1  QMM k

  mm
a

r ys 54.0/
2

2
  Eq. (5.13)   mm

a
r ys 33.12/

2

2
  Eq. (5.24)

(b) Using a finite correction factor

)( raK I   )( raK I  

  2
/5.01 ysI aK   Eq. (5.12)






























2

2
5.01

ys

I aK



 Eq.(5.25)

  2
/5.01 ysI aK  






























2

2
5.01

ys

I aK





mMPasIrwinK I 63.5)'(  mMPasDugdaleK I 22.6)'( 

Comparisons:

mMPaeqK I 18.5)29.3.(  < )'( sIrwinK I < mMPasDugdaleK I 22.6)'( 

Dugdale’s - Irwin’s %48.1063.5/)63.522.6%(100 Error

Irwin’s - eq. (3.29) %69.818.5/)18.563.5%(100 Error

Dugdale’s - eq. (3.29) %08.2018.5/)18.522.6%(100 Error

Observe that eq. (3.29) does not include plasticity correction and it yields a smaller value than
both Dugdales’s and Irwin’s expressions. The latter expression gives an error of 26.5%, which is
slightly large. On the other hand, 8.3% error seems to be more acceptable for comparison
purposes. This implies that a plastic zone correction may not be necessary.

(c) Using Irwin’s approach yields a plastic zone of 0.54 mm for one side of the semi-ellipse and
as a result, r << a and the plastic zone size could have been excluded. On the other hand,
Dugdale’s approach gives a plastic zone of 1.33 mm, which is large enough to be excluded;
therefore, a plasticity correction is needed to obtain more a accurate KI- result.
---------------------------------------------------------------------------------------------------------------------
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5.6 A 50- mm thick pressure vessel is to support a hoop stress of 300 MPa at room temperature
under no action of corrosive agents. Assume that a semi-elliptical crack (Figure 3.6) is likely to
develop on the inner surface with the major axis 2c = 40 mm and semi-minor axis a = 10 mm. A
300-M steel, which is normally used for airplane landing gear, is to be considered. Will crack
propagation occur at 300 MPa hoop stress? Make sure you include the Irwin’s plastic zone
correction in your calculations and explain if it is necessary to do so. Use the data below and
select the suitable tempered steel.

300-M Steel
)(MPa

ys

)( mMPa

K IC

650o Temper
300o Temper

1070
1740

152
65

Solution:
a = 10 mm, 2c = 40 mm, B = 50 mm, a/2c = 0.25, a/B = 0.20
Mk = 1.02 (From Figure 3.6b)

QM k /12.1 since M < 0.5 [lower limit according to eq. (3.46)]

From eq. (3.42),

 22 /212.0 ysQ 

 






 


2/

0

2
2/

0

2

2

22

sin75.01sin1


 dd
c

ac

13169.0 (From a Table of Elliptic Integral of the Second Kind)

Thus,

  2
/50.01 ysI aK  

 2/
2

ys

a
r 

300-M Steel (650o C Temper) 300-M Steel (300o C Temper)

28.0/ ys 17.0/ ys

72.1Q 67.1Q

87.0 88.0

ICI KmMPaK  16.47 ICI KmMPaK  13.47

r = 0.39 mm r = 0.15 mm
r << a = 10 mm r << a = 10 mm

These results are similar and crack propagation will not occur since both steels have KI < KIC.
Select 300-M Steel (650o C Temper) since it has a larger ICK value. The plastic zone correction

was not necessary. Thus, ICI KmMPaaK  26.46 . Both steels can be used for

the sought application. In fact, the calculated IK values are similar for both steels. This is purely

accidental. Anyway, the plastically corrected KI values are approximately 2% higher.



Chapter 5 Fracture Mechanics, 2nd ed. (2015) Solution Manual

9

5.7 If localized plasticity is to be considered, explain the physical meaning of the following

inequality yst
E

a





2

.

Solution:
If the applied stress ( ) is unchanged, but causes crack growth, then yst is constant since

ys constant and .ct   In this case, the crack length is the only changing variable that

increases; therefore, the inequality holds.
---------------------------------------------------------------------------------------------------------------------

5.8 Show that ),/( ystr  where r is the plastic zone due to dislocation networks within the

plastic zone area ahead of the crack tip.

Solution:

If
E

K

ys

I
t




2

 and ,
ys

ys
E




 then, r

KK
ys

ys

Iys

ys

I
yst 





























 






 2

2

2
22

Thus,
ys

tr




2
 .

---------------------------------------------------------------------------------------------------------------------

5.9 Show that  2// ysIyst K   and give a reasonable interpretation of this equality.

Solution: Apparently, yst  / is related to the crack size [ yst  /  ]a since  2/ ysIK  is

associated with the plastic zone r[    ]./
2

ysIK  Therefore, r  ./ yst  Here  means

“proportional.”
---------------------------------------------------------------------------------------------------------------------

5.10 A large plate containing a through-the-thickness central crack of 2 mmac 20 has

,207 GPaE  ,275,1 MPays  and mc  47.9 at service temperature. Determine (a) the

plane strain fracture toughness, (b) the design stress intensity factor for a safety factor (SF) of 2,
(c) the critical fracture stress, and (d) the design service stress.

Solution:

(a)
E

K

ys

IC
c




2

 (c) MPaaK cICc 282/  

mMPaK IC 50 (d) MPaSFcd 141/  

(b) mMPa
SF

K
K IC

ID 25
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5.11 Predict t for glass using 224
xa

E





Solution: Glass is a brittle material and there is no need for plasticity correction; therefore,

.@0 axt 

---------------------------------------------------------------------------------------------------------------------

5.12 Develop a t expression for a von Mises material. Compare it with t for a Tresca

material under plane strain condition. Assume that crack growth occurs along the crack plane.

Solution:
von Mises t expression: Tresca t expression:

From eq. (5.53), From eq. (5.59) with 0 ,

2

2

2 ys

IhK
r


 and




2E

rK I
t  2

2

2 ys

IK
r


 and




2E

rK I
t 

 
ys

I
t

E

Kh
Misesvon




2

22/1

  
ys

I
t

E

K
Tresca




2

2



Combining    TrescaandMises tt  yields

   
     TrescavMises

TrescahMises

tt

tt





21

2/1





For Poisson’s ratio ,1v    TrescaMises tt   because TrescaMises rr 

---------------------------------------------------------------------------------------------------------------------

5.13 A material has ,70 GPaE  MPays 500 and .3/1v It has to be used as a plate in a

large structure. Non-destructive evaluation detects a central crack of 50 mm long. If the
displacement at fracture is 0.007 mm and the plate width is three times the thickness, calculate
(a) the crack tip opening displacement, (b) the plane strain fracture toughness, (c) the plane
strain energy release rate, (d) the plate thickness and (e) What’s the safety factor being indirectly
included in this elastic-plastic fracture mechanics approach? Assume plane strain conditions as
per eq. (5.49) and a fracture load of 200 kN.

Solution:

Given data:
a = 25 mm, mmf 007.0 , 3 and .3/1v ,500 MPays  P = 200 kN and GPaE 70 .

(a) mxmmftc
51040.1014.02  

(b) From eq. (5.49) with 7321.13  , which is defined below eq. (5.5), the plane strain

fracture toughness ( ICK ), as per Irwin’s model, is
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     mMPaMPaMPaxmxEK ystcIC 82.2550010701040.13
2

1

2

1 35  

   2

3

222

/46.8
1070

82.259/11)1(
G mkJ

MPax

mMPa

E

Kv IC
IC 







(c) mMPaaK ICc 13.92/   and
23B

P

wB

P cc
c 

  
mm

mkNx

kNP
B

c

c 90.26
/1013.923

200

3 23



and mmBw 70.803  (Width)

(d) 43.513.92/500/  cysSF 

---------------------------------------------------------------------------------------------------------------------

5.14 Repeat problem 5.13 using eq. (5.41). Compare results.

Solution:
Data: a = 25 mm, mmf 007.0 , 3 and .3/1v

,500 MPays  P = 200 kN, GPaE 70 and mxmmfc
5104.1014.02  

3/543  v For plane strain

(a) c =
ys

IC

ys

IC

E

K

E

Kv





9

8

4

)1)(1( 22




    
mMPa

MPaMPaxmxE
K

ysc

IC 61.41
8

5001070104.19

8

9 35




(b)
   22

3

222

/22/022.0
1070

61.419/11)1(
G mkJmMJ

MPax

mMPa

E

Kv IC
IC 







(c)
 
  

MPa
mx

mMPa

a

K IC
c 48.148

1025

61.41
3






23B

P

wB

P cc
c 

  
mm

mkNx

kNP
B

c

c 19.21
/1048.1483

200

3 23



and mmBw 57.633  (Width)

(d) 37.3
c

ys
SF





Problem 5.13 mMPaK IC 61.41 MPac 48.148 mmB 19.21 43.5SF

Problem 5.14 mMPaK IC 82.25 MPac 13.92 mmB 90.26 37.3SF
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5.15 A hypothetical large metallic plate containing a 10-mm central crack is 30-mm wide and 5-
mm thick and mechanically loaded in tension. This plate has ,69 GPaE  ,MPays 500

,3/1v and %3.0 (plane stress strain). Determine (a) t , (b) ,G and c)  as per Irwin,

Dugdale, Burdekin, Rice, and Average equations, and compare the results.

Solution:

Data: mmavmmBmmw 5,3/1,5,30  , GPaEMPays 69,500%,3.0  

Calculations:

   mmmmB 015.0003.05   and aK I 

   25
I /5.7.0075.0500105.1G mkJMPamMPamxys  

(a) In general,

ys

c

ys

I
t

E

a

E

K








22

 and
a

E yst




 

Irwin–eq. (5.31):
   

  
MPa

mm

MPaMPaxmm

a

E yst
161

54

5001069015.0

4

3






Dugdale–eq. (5.32):
   

  
MPa

mm

MPaMPaxmm

a

E yst
128

52

5001069015.0

2

3







Burdekin–eq. (5.40):
   

  
MPa

mm

MPaMPaxmm

a

E yst
182

5

5001069015.0 3







Rice–eq. (5.41):
   

 
MPa

mm

MPaMPaxmm

a

E yst
322

5

5001069015.0 3






Rice equation yields    IrwinRice  2 .
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5.16 Determine (a) the critical crack tip opening displacement ( c ), (b) the plastic zone size

(r) and (c) the fracture stress )( c for a large aluminum alloy plate containing a central crack of

5-mm long. Use the data given below and assume that plane strain conditions exist. Data:

,500,25 MPamMPaK ysIC   and .70 GPaE 

Solution:

(a) From eq. (5.40),

 
  

mm
MPax

mMPa

E

K

ys

IC
c 018.0

5001070

25
3

22






(b) For plane strain condition,

mm
MPa

mMPaK
r

ys

IC 13.0
500

25

6

1

6

1
22

































From eq. (3.24),

  
MPa

mx

mMPa

a

K IC
c 282

105.2

25
3






---------------------------------------------------------------------------------------------------------------------

5.17 Show that 2

2

8
1 tt

a

E



 








 for plane stress conditions, where  is the crack

opening displacement (COD) and t is the crack tip opening displacement (CTOD).

Schematically, plot  tf   for various  and fixed a values.

Solution:
From eq. (5.24), From eq. (5.23a),

ar
E

t 2
4

  (5.30)   2224
xra

E



 (5.29)

2

4
2 












 tE
ar (a) 222 2

4
xrara

E



 (d)

2

42

1












 tE

a
r (b) If ,xa  then (e)

 

4

2

2

42

1












 tE

a
r (c) 22

4
rar

E



 (f)
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Inserting eqs. (b) and (c) into (f) yields

 

 

2

2

4

2

2

2

4

4

2

2

2

8
1

42

1

42

1

4

4

tt

tt

tt

a

E

E

a

E

a

E

E











































































The plot is

---------------------------------------------------------------------------------------------------------------------

5.18 If the plane strain fracture toughness (KIC) and the yield strength (ys) of a 12-mm thick
C(T) steel specimen are 71 MPa.m1/2 and 1,896 MPa, respectively, determine (a) the validity of
the fracture mechanics tension test as per ASTM E399 for the plate containing a single-edge
crack of 10-mm long at fracture, (b) the fracture stress if the plate is 20-mm wide, (c) the critical
crack tip opening displacement, (d) the plastic zone size, and (e) interpret the results with regard
to plane strain condition. Use a Poisson's ratio of 1/3 and assume that the elastic modulus of the
steel 207 GPa.

Solution:

Increasing 
fixedaa o 



t
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(a) Using eq. (3.5) yields the critical stress intensity factor

The minimum size requirements can be computed using eq. (3.30). Thus,

Therefore, the test is valid because    mmBaBa 51.3,12,10, minmin and 5.0a/w is within the

12.0  a/w valid range. So proceed with the required calculations.

(b) The fracture stress is determined from eq. (3.29) along with α=9.6591 since a/w=0.5 (Consult 
Table 3.1).

Thus,

(c) The crack-tip opening displacement is calculated using Rice’s equation, eq. (5.41), with

3543 /v  and    .9/3211  v
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(d) The plastic zone can be calculated using eq. (5.53) along with the constant h = (1 - 2v)2 = 1/9

(e) The above results suggests that the plate met the ASTM E399 size requirements because

minmin ,, BaBa  and 12.0  a/w . The C(T) specimen breaks in a brittle manner because both

the plastic zone size and the crack-tip opening displacement are very small.
---------------------------------------------------------------------------------------------------------------------

5.19 Assume that isotropic solid material having a single-edge crack is subjected to a remote
tensile stress at room temperature. Let the properties of the material be ,500 MPays 

Poisson’s ratio 3/1v and .72 MPaE  Let the applied stress intensity factor for mode I

loading be .20 mMPaK I  Excluding microstructural details and microscale defects, use the

Tresca yielding criterion to derive (a) an expression for the critical plastic zone angle ( c ) and its

magnitude when minimum principal stresses are equal ( 32   ), (b) determine when 2min  

and 3min   by knowing the value of c , (c) the plastic zone size at c and .20 mMPaK I 

The Tresca yielding criterion is based on the maximum shear stress reaching a critical or failure
level. Hence, the definition of the maximum shear stress for this criterion is

  ys 5.05.0 minmaxmax 

Here max and min are principal stresses and ys is the monotonic tensile yield strength of a

solid material. Let 1max   and 2min   or .3min  

Solution:

Needed equations for solving the problem. The principal stresses are

Hence,
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(a) The expression for the critical plastic zone angle ( c ). For plane strain and  c conditions,

If v = 1/3, then

and the minimum principal stresses become

(b) The minimum stresses. Let's calculate the values of 2 and 3 at c  and .c 

For ,942.3867967.0 o
c rad  say o35 so that

For ,20o
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Therefore, the calculated values of the principal stress 2 and 3 at c  and fixed r

indicate that .3min  

For ,942.3867967.0 o
c rad  say o40 so that

For ,60o

Therefore, the calculated values of the principal stress 2 and 3 at c  and fixed r

indicate that .2min  
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(c) The plastic zone sizes for plane stress and plane strain at o
c 942.38 are

As expected, r for plane stress is greater than that for plane strain.
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5.20 Consider a ductile steel plate containing a 50-mm through-thickness central crack subjected
to a remote tensile stress of 40 MPa. If the yield strength of the steel is 300 MPa, then calculate

IK as per LEFM, Irwin’s approximation and the Dugdale’s strip yield criterion. Compare

results. Repeat all calculations for 290 MPa remote stress. Explain.

Solution:

Given data: MPa40 and MPays 300

LEFM:     mMPamMPaaK I 21.1110
2

50
40 3 








 

Irwin’s:
 

   

 
mMPa

mMPa
a

K

ys

I 26.11
300/405.01

10
2

50
40

/5.01
2

3

2
























Dugdale’s:

   
mMPa

x

x

mMPa
a

K

ys

I 25.11

3002

40
secln

8

10
2

50
40

2
secln

8
2

3

2










































































These results are similar. However, if ,290 MPa then IK

LEFM: mMPaK I 27.81

Irwin’s: mMPaK I 18.115

Dugdale’s: mMPaK I 01.130

Therefore, IK values are dubious. See Figure 5.4 for comparing Irwin’s and Dugdale’s

approximation schemes.
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5.21 A single-edge SE(B) specimen with B = 20 mm, w = 40 mm is used to determine the critical
CTOD tc and .ICJ See Example 5.4 for the specimen configuration and the load-displacement

plot. Assume plane strain conditions and let

,38max kNP  ,800 MPays  ,207 GPaE  ,3.0v mMPaK IC 60

mmammzmmSmmmmwmmB p 12;5.1;150;00.1;40;20  

Solution:

From Example 5.4,

The geometry correction factor  :
3.040/12/  wax

   
  

          
  

5212.1
3.013.0*212

3.07.23.093.315.23.013.099.13.03

1212

7.293.315.2199.13

2/3

22/1

2/3

22/1















xx

xxxxx

The applied stress intensity factor as per LEFM is

   
  

mMPa
mxmx

mxN

Bw

SP
K I 19.54

10401020

10150380005212.1
2/333

3

2/3
max 





Then, CTOD becomes

 
   

mmmx
MPaMPa

mMPa

Em

K

ys

I
te 009.010866.8

2070008002

19.54 3

22

 




 
 

   
  

mm
mmmmmmmm

mmmmmm

zaaw

aw p

tp 47715.0
5.112124044.0

1124044.0

44.0

44.0















mmtptetc 78.447715.0008866.0  

Thus, the J-integral is

    23 65.7.65.71078.48002 MN/mmMPamxMPamJ tcysIC  
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CHAPTER 6

THE ENERGY PRINCIPLE

6.1 Use Dugdale’s model for a fully developed plane stress yielding confined to a narrow
plastic zone. Yielding is localized to a narrow size roughly equal to the sheet thickness (B). This

is a fully elastic case, in which the plastic strain may be defines as ,/Bδε t where t is the crack

tip opening displacement. If the J-integral is defined by ,ddJ  then show that

ys

t
E

a






22



Solution:

If the strain energy density and the J-integral at yielding are defined by

 



00

ddW ys

yst
o

ysdBBWJ 


 

Thus,

 
t

o
ys

o
ys ddBJ





Solving the J-integral yields

yst
o

ys

t

dJ 


 

Then,

ysys

I
t

I
yst

I

E

a

E

K

E

K
and

E

K
J










222

22





Here,  is a correction factor.
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6.2 The crack tip opening displacement (t) for perfectly plastic solution to the Dugdale model
was derived by Rice in 1966 [21] as

 


















0

0

2
seclog

1










G

ak
t

where yso   and  Remote tensile stress ( o  ), a Crack size, and G = Shear

modulus. Show that the path-independent J-integral is defined by

    
,

11 2

af
E

ak
J 




Solution:

Using Taylor’s series on 








02
sec




and on log 

















02
sec




yields

02


y and  

2
1...

24

5

2
1sec

2
4

2 y
y

y
y 

Let  yx sec so that

 





























 ...

1

1

3

1

1

1
2log

3

x

x

x

x
x For 0x

   
 





































































































2

2

2

2

2

2

2
4

2
2

4
2

1
2

1

1
2

1
2

1sec

1sec
2

1

1
2log

o

o

y

y

y

y

y

y

x

x
x









If ,1
o


then

2

2
4 










o


and

2

22

1

2
seclog 


























oo 







Thus,
 

2

0

22

1










o

t
G

ak










From eq. (6.66),

   
G

ak

G

ak
J

o

o
t

8

1

22

1 2
22

0
























The elastic shear modulus of elasticity is
 v

E
G




12
. Thus, J becomes

    
,

4

11 2

af
E

avk
J 






Chapter 6 Fracture Mechanics, 2nd Ed. (2015) Solution Manual

3

6.3 A bending test specimen made out of carbon steel showed a load-displacement behavior

If the area under the .vsP curve is 10 joules at the onset of crack growth, determine (a) the

fracture toughness in terms of ICJ as per ASTM E-813 Standard, (b) ICK and its validity as per

ASTM E399 testing method, and (c) tc [according to eq. (5.31) with 3 ] , f and r .

Explain the meaning of the results.

Solution:

(a)
  

   MPamxkJ/m
mm

joules

Bb

A
J IC .103232

10251025

1022 32

33









(b)    mMPaMPamxMPaxEJK ICIC 39.81.103210207 33  

Validity:   ASTMActualysICASTM BBBmmKB  and36.7/5.2 min

2

Therefore, mMPaK IC 39.81 is valid.

(c) From eq. (5.31),

  
    

mm
MPaMPax

mMPa

E

K

ys

IC
tc 016.0

500,1102073

39.8144
3

22






Using eqs. (5.44) and (5.13) yields the fracture strain and the plastic zone size, respectively

%064.0104.6
25

016.0 4 orx
mm

mm

B
c

f





The plastic zone size:

amm
MPa

mMPaK
r

ys

IC 



























 16.0

500,1

39.81

6

1

6

1
22



Therefore, the material behaved in a brittle manner implying that very little plastic deformation
took place at the crack tip. These are very small values indicating that the material is brittle and
undergoes very little plastic deformation. With regard to the critical crack tip displacement of
0.016 mm, it indicates that the crack tip displacement is very small; that is,

mmcy 008.02/   .

P

Area



A = Area =10 Joules
E = 207 GPa
ys = 1,500 MPa
B = 25 mm
b = 25 mm
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6.4 If tysIJ  is used to determine the fracture toughness, will t be a path-independent

entity? Explain.

Solution:

Using Dugdale’s model, Figure 5.3 and eq. (6.33) yields














ra

a
I ds

x
TWdyJ





According to Figure 5.3, 0dy from a to ra  and .ysyT   Thus,

    yst
o

yyys

ra

a

yy

ysI

t

dxddx
x

J 





 



 




Therefore, both IJ and t are path-independent. Only the initial and final values of t are

needed to solve the integral. In fact, t is just an opening as well as a path-independent entity.

6.5 Assume that crack growth occurs when ICI JJ  , where E/KJ ICIC
22 )1(  . If a well-

developed plastic flow occurs, will these expressions be valid? Explain.

Solution: It is valid in the elastic regime where .ra 

y

x

P

P

y2

r2a

Plastic Zone
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6.6 A double cantilever beam (DCB) is slowly loaded in tension up 10 MN as shown
schematically below. Assume that there is no rotation at the end of the beam and that the beam is

made of isotropic steel having the following properties: mMPa47K IC  and .207 GPaE 

Will fracture occur?

Solution:

From eq. (6.42) along with  21/' vEE  and ,12/3BhI 

      
    33232

23232

32

22222

10101020/000,207

102010103.0112112

' mxmxmMN

mxMNx

hEB

aPv

IBE

aP
GI 







mMPaxGI .1028.5 3

  
2

3

2 3.01

.1028.5000,207

1 





 mMPaxMPa

v

EG
K I

I

mMPaK I 66.34

Therefore, fracture will not occur because mMPaKmMPaK ICI 4766.34 

B

h
h



P

B hAo  P

PaM M

M a

10 kNP 

 2

a = 20 mm
B = 20 mm
h = 10 mm
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CHAPTER 7

PLASTIC FRACTURE MECHANICS

7.1 Determine (a) the J-integral (J) and (b) the dJ/da for a hypothetical steel plate containing a
central crack of 114 mm long loaded at 276 MPa and exposed to room temperature air. What
does TJ < TR mean? Assume plane strain conditions and that the stainless steel obeys the
Ramberg-Osgood relation with curve fitting parameters such as 69.1' and .42.5n Explain

the results based on the strain hardening effect. Data: ,850,206 MPaE  ,207 MPays 

3.0 and .130 2kJ/mJ IC  Dimensions: ,2284 mmaw  wL 2

Solution:

(a) For a central crack, use Table 3.1 for 

25022857 ./a/wx 

      0635.125.072.8125.046.2025.05.0172.8146.205.01
642642  xxx

   1892.125.0sec  

eI aK 

The effective crack length needed for calculating  eII aKK  is given below.

e

oo

I
y a

n

nK

n

n
r

22

1

11

1

11
































































&

 2/1

1

oPP
 6

  e

oo

ye a
n

n

PP
arwaa

2

2 1

11

/1

1














































With    1892.125.0sec  

 
  

ee

ee

axmma

amma

2

2

2

105597.857

207

2761.1892

142.5

142.5

6

1

75.81/86.1251

1
57









































mmae 336.62

2a  2w

2L
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    mxMPaaK eI
310336.622761892.1  

mMPa25.145IK

The elastic J-integral values that include the effects strain hardening is

 
mMPax

E

K

E

K
J II

e 





 2
22222

102815.9
850,206

25.145)3.01()1(

'



282.92.82.92 kJ/mmkPaJ e 

Plastic Part (continued): Table 7.2 for a central crack

0010./Eσε oo  and 0010.

MN/m./a)σ(wP oo 758134  &    MN/m.MPamxwσP 861252761022822 3  

mmaw 17157228 

The Plastic zone:

  mmrr y 17.85510
207

25.145

142.5

142.5

6

1 3

2































From eq. (7.25) and Table 7.1 with n = 5.42,

0031.5101724.129381.02511.6 22   nxnIn

       3

142.5

3

1

10
207

276
10855.170031.5001.020769.1'
























 mxMParIJ

n

o

noop





217.87 kJ/mJ p 

Thus, eq. (7.36) gives

    22
pee kJ/m17.78kJ/m92.82na,JaJJ 

2180 kJ/mJJ I 

Therefore, crack grows occurs since 22 13096.290 kJ/mJkJ/mJ IC 

(b) Crack instability
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2

22
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142.5
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6

1
0635.10031.5001.020769.1

850,206

2761892.1)3.01(




































MPa

MPa

MPax

da

dJ 

3054054 MJ/m.MPa.
da

dJ


From eq. (6.70), the tearing modulus is

 
 

  55.1905.4
207

850,206
22

 MPa
MPa

MPa

da

dJE
T

o

J 

55.19JT

Therefore, crack growth is stable if .RJ TT 
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7.2 Plot the given uniaxial stress-strain data for an ASTM A533B steel at 93ºC, and perform a
regression analysis based on the Ramberg-Osgood equation. A single-edge-cracked plate made
out of this steel is loaded in tension at 93ºC. Determine the total elastic-plastic J-integral when
the applied load is MPa500 . Will the crack grow in a stable manner? Why? or Why not?

Assume plane strain conditions and necessary assumptions. Let ,100 mma  v = 0.30, E = 207

GPa, L = 3w, w = 400 mm, JIC = 1.20 MPa.m, 523.01 h and B = 150 mm.

Strain
(x10-3)

0
1.0
0

2.2
4

2.3
0

2.3
5

5.0
0

7.5
0

10 20 40

Stress
(MPa)

0 381 414 415 416 450 469 483 519 557

Solution: Single-edge cracked specimen

Data for plane strain condition:

MPaoys 414  (From the above Figure) mma 100 mmB 150

GPaE 207 30.0v mmw 400

2
8.620.1

in

kipsin
mMPaJ IC


 (From Ref. [8]) mmwL 200,13 

MPa500 (Applied) mmawb 300 (Ligament)

Stress v s. Stra in
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200
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800
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Elastic Part:

Nonlinear regression using

n
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
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00  
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The crack size can be calculated using
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Plastic part:
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From eq. (7.51) and Table 7.2,
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Thus, the total value of the J-integral is
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Therefore, crack will grow because ..20.1 MPamJJ IC  Stable? Unstable? Let’s find out how

the crack will grow. Let
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Therefore, the crack will grow in a stable manner RJ TT  40.31
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7.3 Repeat Problem 7.2 using the Hollomon equation nK  for the plastic region. Curve
fitting should be performed using this equation for obtaining K and n. Assume plane strain
conditions and make the necessary assumptions. Compare the result from Problem 7.2. What can

you conclude from these results? Assume a contour as shown in Figure 7.6 with mmy 7023  .

Solution: Single-edge cracked specimen

Data for plane strain condition:

MPaoys 414  (From the above Figure) mma 100

GPaE 207 mmw 400

30.0v mmB 150

2
8.620.1

in

kipsin
mMPaJ IC


 (From Ref. [8]) mmwL 200,13 

MPa500 (Applied) mmawb 300 (Ligament)

Elastic Part:
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Plastic part: Nonlinear regression using nk  yields MPak 776 and .103.0n The

plastic strain energy density can be defined using the Hollomon equation as

nk  and
n
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Assume a contour as shown in Figure 7.6 with mmy 7023  so that pp WyJ 232 as per eq. (7.43),

which represents a near-field condition. Thus,
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Crack growth occurs since ICJJ  . Note that if the value of 23y changes so will pJ and IJ .

Anyway, both problems 7.2 and 7.3 (P7.2 and P7.3) give the same result as per chosen contour
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Therefore, the crack will grow in a stable manner .40.9 RJ TT 
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7.4 A steel plate having a single-edge crack is loaded as shown below. Calculate (a) the load-
line displacement )( and (b) the crack opening displacement )( that corresponds to a point on

the resistance curve (not included). Assume plane strain conditions and use the following data:

3.0v , ,523.01 h ,93.12 h ,42.33 h ,15.0 mB  ,40.0 mw  mL 2.1 and .1.0 ma 

,kJ/m.J IC
2201 MPa500 and MPaE 850,206

Solution:

(a) From Table 7.2,
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hawJ

/1

30

100
'

'


















 
 

  nn

p

np
ah

awh
J

/1

3

/1

0

10

'



















 
1

110

)1/(1

03 '














n

n

pn

p
h

J
ah




Similarly,

 
1

110

)1/(1

02

0

20 ''























n

n

pn

n

h

J
ah

P

P
ha




These are the equations to be used in this problem. However, we need the value of pJ at

.500 MPa Let’s get.

 w

a

L


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Data for plane strain condition:
MPaoys 414  (From the above Figure) mma 100 mmB 150

GPaE 207 30.0v mmw 400

2
8.620.1

in

kipsin
mMPaJ IC


 (From Ref. [8]) mmwL 200,13 

MPa500 (Applied) mmawb 300 (Ligament)

Elastic Part:

Nonlinear regression using

n











0

0
'




 yields 12.1'  and 71.9n . From Table 7.2,

   MN/mMPamxwσP 20050010400 3  

821370100
400

100

100400

100
11

2/122/12

.
aaw

a

aw

a
x 





















































       MN/m.MPamx.awxP 4314841410300821370455.1455.1 3
00  

      mmwaaw 75400/100100400/1 

Also, 6 and
2

0

2

0

2

0 1

1

1

11

1

11






































































































 n

naa

n

nK

n

n
rr eeI

y

 201

1

P/P
w




The crack size can be calculated using

   
 eee

ye

a
./

aa
n

n

P/P
aa

rwaa


















































































414

500

171.9

171.9

6

1

431482001

1

1

11

1

1
2

2

0

2

0 





a.a

a.aa

e

ee

06171

058140





mma 100

  mm.mm.ae 1710610006171 



Chapter 7 Fracture Mechanics, 2nd Ed. (2015) Solution Manual

11

For ,25.0400/100/ wa

        1.5013/38.30/71.21/55.10/23.012.1
432
 wawawawa

      mMPamxMPaaK eI 469.101017.1065001.5013 3  

     2

3

22222

970970
10207

104693011
MJ/m.m.MPa.

MPax

mMPa..

E

Kν

E

K
J I

'
I

e 







2970 MJ/m.J e 

From Problem 7.2,

mm
mm

n

na
rr e

y 21
414

500

171.9

171.9

6

17.106

1

1
22

0


































































From eq. (7.51) and Table 7.2,

   MN/mMPamxwσP 20050010400 3  

821370100
400

100

100400

100
11

2/122/12

.
aaw

a

aw

a
x 





















































       MN/m.MPamx.awxP 4314841410300821370455.1455.1 3
00  

      mmwaaw 75400/100100400/1 

523.01 h , 12.1'  and mxmm 3
1 107575 

     
71.91

3

00

1

0

1100
'

43.148

200
523.01075002.041412.1

0020



























mxMPaJ

./Eσεwith
P

P
hJ

p

n

p 

2890 MJ/m.J p 
222 86.1890970 MJ/mMJ/m.MJ/m.JJJ pe 
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Thus,

 

      
   

9066.0

0934.0

1

110

)1/(1

03

523.03.0414

.89.0
002.012.142.31.0

'
























mMPa

MPam
m

h

J
ah

p

n

n

pn

p






mmp 90.3

(b) The crack opening displacement is

 

      
   

9066.0

0934.0

1

110

)1/(1

02

0

20

523.03.0414

.89.0
002.012.193.11.0

''

































mMPa

MPam
m

h

J
ah

P

P
ha

n

n

pn

n






mm20.2

Therefore, mmp 90.3 and mm20.2 at the onset of crack growth since 221 MN/m.J IC 

and crack blunting required these values.

7.5 Determine the strain hardening exponent (n) for a steel with  ys = 400 MPa, E = 207 GPa.

Assume that it obeys the Hollomon equation .n
p k  Consider the maximum plastic stress in

your calculations.

Solution:

maxmax 1@   pp and MPakmax 700

@ yielding, ,n
ysys k  .maxmax

nk  and 310931  .
E

ys

ys




    0895.0
1093.1ln

700

400
ln

ln

ln

3

max

@

maxmax






























ys

n
ys

n
ysys

ys

n

k

k

















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7.6 (a) Derive an expression for the J-integral )f(σ(σ/JJ oep  ratio as per Rice model. (b) Plot

the resultant expression for a remote stress to yield stress ratio range 1/0  o . Here,

yso   . Explain the resultant trend.

Solution:

(a) The plastic case:

 

 




































o

o
top

o

o
t

seclog
G

ak
J

seclog
G

ak



















2

1

2

1

2

The elastic case:

   































































)/(

2

2
seclog2

8

1

8

1

2

22

o

o

o

e

p

I
e

f
J

J

G

ak

G

Kk
J













From the plot, ep /JJ as 1oσ/σ since   2sec π/ and oσσ .

0

1

2

3

4

5

0.2 0.4 0.6 0.8 1

ep /JJ

oσ/σ

They significantly differ from each
other due to a large plasticity.
At 80.σ/σo  , JP dominates.
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7.7 Calculate the total J-integral (J) for a 2024 Al-alloy plate containing a single-edge crack
under plane stress conditions. Plot b) the   f and  .fJ I  Use the following data to

carry out all calculations: a = 1.40 mm, w = 19 mm, B = 0.8 mm, L = 10 cm, ,64 MPao 

,300,72 MPaE  α′ = 0.35, n = 5 and F = 1.01 kN.

Solution:

Elastic part:
a) The following calculations are self-contained. Thus,

o 
 o

E
 64

72,300
 8.852  104 A  wB  15.20x106 m2

  F
A


1. 01x103 MN

15.20x106 m2
 66.45 MPa   ys

For a single-edge crack,

x  a/w  1.4/19  0.073684

  1.12  0.230.073684  10.550.0736842  21.710.0736843  1.1516

  1.12  0. 23x  10. 55x2  21.71x3  1.1516

Je 
KI

2

E
 a2 2

E

1. 40x103 m1.1516266.45 MPa

2

72, 300 MPa

Je  3.5623  104 MPa.m  356.23 J/m2

Je  356. 23 J/m2

Plastic part:
From Table 7.2 and eqs. (7.60),

1  w  aa/w  19  1.41.4/19  1.2968 mm

  1   a
wa 

2  a
wa  1  1.4

191.4

2
 1.4

191.4
 0. 92361

Po  1. 072w  a o  1. 072  0.92361  19  1. 4  103  64  1. 1153 MN/m

P  w  19  103 m66.45 MPa  1.2626 MN/m

h1 
3a n

4 1n 1

 
 o


n1 Po

P

n1

h1 
31.4 5

411n1.2968

66.45
64

51 1.1153
1.2626

51
 3.3853

From eq. (7.54a),

Jp   oo1h1
P
Po

n1
 0.35  64  8.852  104  1.2968  103   3.3853 1.2626

1.1153

51
106

Jp  183.23 J/m2

J I  Je  Jp  356.23 J/m2  183.23 J/m2  539.46 J/m2
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(b) These results indicate that JJ p 34.0 and .66.0 JJ e  Therefore, pe JJ  and contributes

66% to J.

(c) The required stress-strain curve can be determined using eq. (7.30). Thus,

   ys


ys

1/n

 322. 08 MPa 5 

The J-integral plot along with the load point is based on the following equation:

J I  2. 1247  102 2  1. 0638  109 6

The trend of the  fJ I  resembles the trend shown in Figure 7.5.
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0
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7.8 The plastic J-integral (Jp) for some configurations can be defined by ηW/(Bb),J  where

W absorbed energy, Bb = cross sectional area, b = (w – a) = ligament and  constant. This

integral can then be separated into elastic and plastic components. For pure tension,

Bb

W

E

K
JJJ ppI

pe




'

2

(1)

Consider a strain hardenable material and a specimen with unit thickness B. If the plastic load is

defined by ,n
pCP  where C is the compliance and n is the strain hardening exponent, then the

load-displacement and J-P profiles are schematically shown below.

Derive an expression for .p

Solution:

The area under the curve is the strain energy density define by

p
n
p

o
p

n
p

o
pp P

n

n
C

n

n
dCPdW

pp




11
1





 

 since n
pCP  (2)

Since pW is a maximum energy then P reaches oP (the load limit). Thus,

pop P
n

n
W 

1
 (3)

From eq. (7.56),

n

o

op
P

P
ha 








 3'  and

n

o

oop
P

P
haP

n

n
W 










 3'

1
 (4)

Substituting this expression into the J-integral equation above yields the plastic part as
n

o

oo

p

p
P

P
haP

n

n

Bb
J 










 3'

1



(5)



W

J

P Po = Plimit

Jlimit

P
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Equate eq. (7.54) and (5) and solve for p

n

o

oo

n

o

oo

p

P

P
h

P

P
haP

n

n

b 


















113 ''

1




3

1
21

h

h

Pa

b

n

n

o

o
p






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CHAPTER 8

MIXED-MODE FRACTURE MECHANICS

8.1 A large plate (2024-0 Al-alloy) containing a central crack is subjected to a combined mode I-
II loading. The internal stresses are y = 138 MPa and xy = 103 MPa. Use the Maximum
Principal Stress Criterion (-criterion) to calculate the fracture toughness (KIC). Use the
following data: crack length 2a = 76 mm, = 1/3, and E = 72,300 MPa.

Solution:

a = 38 mm,  = 138 MPa, = 103 MPa

mMPa.aK yI 6847 

mMPa.aK xyII 6035 

3393.1/ III KK

Using eq. (8.29a) yields

  o

x

xxx
ar 60.48

9

83
1

3

1
cos

2

2

0 

































From eq. (8.33), From eq. (8.34),

2
sin

2
cos3

2
cos 00203 

IIIIC KKK  mMPa.KK ICIIC 7762
4

3


mMPa.K IC 5072
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8.2 Repeat problem 8.1 using the Strain Energy Density Factor (S) Criterion (S-criterion).

Solution:

mMPa.aK I 6847 

mMPa.aK xyI 6035 

75.0/ III KK

Use eq. (8.53) to solve for the fracture angle

       01cos6sin2cos1cos41cos2sin 2
0000

22
00  IIIIII KkKKkKk 

o10.48

Using Equation (8.54) yields From eq. (8.57) and (8.51),

  
 2

2212
2

11
2 2

11

4
IIIIIIIC KaKKaKa

k

E
K 





mMPa.K.K ICIIC 685390450 

mMPaK IC 35.59 2/26.1426.14 mkJmkPaSc 

8.3 Determine (a) the incline angle  and (b) the applied tension  in Example 8.1.

Solution:

(a)  2sin aK I (b)  2sinaK I  a = 38 mm

 cossin aK II    º25.53sin1038

68.47

sin 232
m

mMPa

a

K I










mMPa.

mMPa.
tan

K

K

II

I

6035

6847
  MPa.95214

º25.53

8.4 Calculate the critical stress (fracture stress) for the problem described in Problem 8.1
according to the  - criterion. Will crack propagation take place?

Solution:

From problem 8.1 & 8.2: From Example 8.4:

º25.53 a = 38 mm o = -48.60º

MPa215 (Applied) E = 72,300 MPa = 1/3
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From eq. (8.35),

  MPabbb
a

K IC
c 492coscos2

sin

2/12
221211 0




 




where

  57314.0cos1
8

1 3

011  b

   77635.0cos1sin
8

3 2

0012  b

  05161.1cos1sin
8

9
00

2
22  b

Crack propagation will not take place since c  .

8.5 Repeat problem 8.4 using the S-criterion with .215 MPa

Solution:

 2sin aK I  42 sin aK I  cossin 22  aKK III

 cossin aK II  222 cossin aK II

From eq. (8.54),

  212
2212

2
11 2

4

11 /IC
c o

cosacosasina
E

))((

asin

K 





 






where

          6
11 108431

8

1
1

16

1 


 x.coskcos
E

v
coskcos

G
a 

        6
12 1015112

8

1
12

16

1 


 x.kcossin
E

v
kcossin

G
a 

         6
22 1090513111

8

1 


 x.coscoscosk
E

v
a 

Thus,

MPac 204

MPa215 (Applied)

Therefore, crack propagation will occur because .c 
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8.6 Show that the stress intensity factor is ICI KK 11/8 when IIII KK 2 and that the

Poisson’s ration is 3/1v .

Solution:

From eq. (8.13) with  21/' vEE  and ,0IIK

    

     

 
222

2
2

2
2

22

222

2

22

222

8

11

3/114

1
1

14

1
1

141

11

)1(

1

)1(

2
)1('

IIIC

I
I

I
III

IIC

IIIIIIIIIC

IIIIIIIIIC

KKK

K
vv

K
K

v

K
KK

K
vv

KK
vE

E
KK

KKwithK
E

E
KK

























































Thus,

ICI KK 
11

8
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8.7 Use the experimental mixed mode fracture data or Solid A and Solid B given below to
compare the mixed mode fracture criteria discussed in this chapter. Determine which criterion is
the most suited to predict the mixed mode fracture behavior of these solids.

Solid A Solid B

KII KI KII KI

(MPa m (MPa m (MPa m (MPa m

0.49 0 0.42 0

0.43 0.52 0.41 0.10

0.33 1.02 0.43 0.21

0.31 1.10 0.38 0.40

0.28 1.20 0.40 0.50

0.26 1.25 0.37 0.60

0.16 1.40 0.39 0.65

0 1.50 0.37 0.80

0.31 1.20

0.27 1.26

0.20 1.55

0 1.65

Solution:
Plot the given data and use all possible mixed mode criteria in order to determine the most suited
criterion.

0.50.3750.250.1250

2

1.5

1

0.5

0

Solid B

Solid A

 mMPa

K I

 mMPaK II
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From the given data, Solid A: mMPaK IC 50.1 & mMPaK IIC 49.0

Solid B: mMPaK IC 65.1 & mMPaK IIC 42.0

For Solid A,

For Solid B,

Therefore, the criterion 1

22



















IIC

II

IC

I

K

K

K

K
fits both data sets better than .1

2











IIC

II

IC

I

K

K

K

K

0.50.3750.250.1250

2

1.5

1

0.5

0

KII

KI

KII

KI

 mMPaK II

 mMPa

K I

1

22



















IIC

II

IC

I

K

K

K

K

1

2











IIC

II

IC

I

K

K

K

K

0.50.3750.250.1250

2

1.5

1

0.5

0

KII

KI

KII

KI

1

22



















IIC

II

IC

I

K

K

K

K

1

2











IIC

II

IC

I

K

K

K

K

 mMPaK II

 mMPa

K I
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8.8 A large and wide plate has a small through-the-thickness central crack as shown in the figure
below. Use the free-body diagram (FBD) to derive expressions for (a) the normal (σN) and shear
(τ) stresses and (b) the intensity factors KI and KII as functions of β.

Solution:

(a) Using the FBD yields the normal and shear stresses










22 sincos

0cos
cos

0cos







N

o
o

N

oNy

A
A

AAF

       








cos.sincoscos

0cos
cos

0cos







o
o

ox

A
A

AAF

(b) The stress intensity factor equations are

 


2sinaK

aK

I

NI





   



cossinaK

aK

II

II





B



2a







oA

P
N

AreaAo 

cos
oA

A 

FBD






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8.9 Two identical cracked plates as shown in problem 8.8 are to be tested to determine ICK

and IICK . The observed critical tension loads and the incline angles were 120 MPa @ 0 and

130 MPa @ ,4/  respectively. Use the equations given below to determine the fracture
toughness for mode I and II.

1

2











IIC

II

IC

I

K

K

K

K
and 1

22



















IIC

II

IC

I

K

K

K

K

Solution:

For case MPa120 @ 0 and ,902/ o 

      
    mMPaaK

mMPamxMPaaK

II

I

0cossin

3011020120sin 32



 





1

2











IIC

II

IC

I

K

K

K

K
mMPaKK IIC 30

For case MPa130 @ 4/  and ,454/ o 

     

        mMPamxMPaaK

mMPamxMPaaK

II

I

30.16
2

2

2

2
1020130cossin

30.16
2

2
1020130sin

3

2

32











































These results indicate that the care must be taken in selecting a particular fracture criterion.

Nevertheless, the fracture criterion 1

22



















IIC

II

IC

I

K

K

K

K
gives conservative values for IICK

when compared to 1

2











IIC

II

IC

I

K

K

K

K

0

  

mMPaK

mMPaK

K

K
KK

mMPaK
K

K

K

K

IIC

IIC

IC

I
IIIIC

IC

IIC

II

IC

I

12.24

30/30.16130.16

1

301

2/1

2/1

2





























    
mMPaK

mMPaK

K

K
KK

mMPaK
K

K

K

K

IIC

IIC

IC

I
IIIIC

IC

IIC

II

IC

I

42.19

30/30.16130.16

1

30;1

2/12

2/12

22










































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




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CHAPTER 9

FATIGUE CRACK GROWTH

9.1 Show that Paris equation can take the form   2/

2/

21

n

t

n

ys

v

E
A

dN

da














 , where t is the

change of crack tip opening displacement, E is the modulus of elasticity, and A is a constant.

Solution:

From eq. (7.45) or (8.10) with KII = KIII = 0

 
E

Kv

E

K
J II

222 1

'




21 v

EJ
K I




21 v

JE
K






Substituting K into Paris expression, eq. (9.6) yields

 
n

n

v

JE
AKA

dN

da














21

From eq. (6.66), tysJ  and tysJ   . Thus,

  2/

2/

21

n

x

n

ys

v

E
A

dN

da
















9.2 (a) Show that  n

eKC
dN

da
 , where

  )(n
R

A
C





1

1
and  RKK e  1max is

Walker’s effective stress intensity factor range. (b) Plot  n
KC

dN

da
 and  n

KA
dN

da
 for a

4340 steel having ,254,1 MPays  ,296,1 MPats  ,mMPaK IC 130 ,.420 ,.n 243

,.R 70 and .1011.5 11 xA .

Solution

(a) )1(max RKK e 

maxmax

max

max

minmaxmax

max

min 1
K

K

K

KK

K

KKK

K

K
R









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)1(max RKK 

R

K
K






1
max

Then,






1)1( R

K
K e and

 n
)(n

n

n
e K

)R(

A

)R(

K
A)K(A

dN

da





  













11 11

where

)(n)R(

A
C




11
For 1R

Thus,

 n
KC

dN

da


If ,R 0 then .AC 

(b) If ,254,1 MPays  ,296,1 MPats  ,mMPaK IC 130 ,3/1 ,3n 7.0R and

cycles

mmMN
xA

n
n 2

22

111011.5



 
 , then    23/113)1( n

Thus,

 
cyclesmmMNx

cyclesmmMNx

R

A
C

n
/1068.5

7.01

/1011.5

)1(
4310

2

4311

)1(








 





Comparison:

Walker:  3
43

101068.5 K
cycles

mmMN

dN

da








 
 

Paris:  3
43

111011.5 K
cycles

mmMN

dN

da








 
 
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Plot K.vs
dN

da
 for mMPaKmMPa 10020  

9.3 Suppose that a single-edge crack in a plate grows from 2 mm to 10 mm at a constant
loading frequency of 0.02 Hz. The applied stress ratio and the maximum stress are zero and 403
MPa, respectively. The material has a plane strain of 80 MPa.m1/2 and a crack growth behavior
described by

 41210683 IKx.
dN

da


Here, dN/da is in m/cycle and IK is in .mMPa Determine the time it takes for rupture to

occur.

Solution:

mMPaK IC 80 mmao 2 mma f 10 0R 121. Hzf 20
1210683  x.A 4n 0min MPa403max  MPa403

Using cmaxIC aK  yields

mmaa fc 10

5e-09

1e-08

1.5e-08

2e-08

2.5e-08

0 20 40 60 80 100

 cyclesmm
dN

da
/

 MmpAK

Walker

Paris

 a
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   4aAKA
dN

da n

I   sec916,13
sec/020.0

31.278


cycles

cycles

f

N
t

f

   
ff

o

Na

a

dNAdaa
0

42  hourst 87.3

   

cyclesN

cyclesm

mxmx
N

Naa

f

f

ffo

31.278

.51.1

1010102

51.1

11

1313

11














9.4 If a large component is subjected to a cyclic loading under MPa300 and .R 0

The material behaves according to Paris Law

  4528102
.

IKx
dN

da


where dN/da is in m/cycles and IK is in MPa .mMPa Determine the plane strain fracture

toughness for the component to endure 37,627 cycles so that a single-edge crack grows from 2

mm to .ac

Solution:

    45.245.245.28 12.1102 aAKx
dN

da
I  

    mxMPaK

aK

IC

cIC

310730012.1

12.1









 
fc

o

Na

a

.,dN.daa
0

45.2 307324125770 mMPaK IC 50

30.732,4
45.1

45.145.1


 

co aa

mmaa fc 7

9.5 Consider a part made of a polycrystalline metal that is stresses in the elastic stress range. If
the metal contains inclusions, has an imperfectly smooth exterior surface, and natural
dislocation, would the metal experience irreversible changes in a micro-scale? Explain.

Answer: Many dislocations would move and contribute to a small irreversible process since the
dislocation configurations would eventually change. This is one mechanism would lead to
fatigue cracking due to dislocations.
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9.6 Why most service fatigue fractures are normally not clear?

Answer: Most service fatigue fractures experience varying stress amplitude, leading to
irregularly spaced striations, if any.

9.7 What is the physical meaning of the slope n of the Stage II line according to the Paris
model?

Answer: According to Paris law,  n

IKA
dN

da
 , the higher the value of the slope ,n the

higher the crack growth rate .dN/da For instance, if 0K and ,n  then   
n

IK

and dNda / since A is a constant.

9.8 Suppose that cycle/mm.dN/)a(d 00102  and 4n in the Paris equation for 7075-T6

(FCC), 2024-T3 (FCC), Mo (BCC), and steel (BCC). Determine a) the constant A and its units,
and b) which of these materials will have the higher crack growth, rate?

Solution:

From Figure 9.6,

 42
IKA

dN

)a(d
 and

 4

310

IK

cycle/mm
A







Material
IK  )mMPa A  cycle/mMN 54 

7075-T6 (FCC) 10 1010001 x.
2024-T3 (FCC) 15 1110981 x.
Mo (BCC) 20 1210256 x.
Steel (BCC) 30 1210231 x.

Therefore, 7075-T6 (FCC) alloy has the highest fatigue crack growth rate because it has the
highest constant A.
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9.9 A Ti-6Al-4V large plate containing a 4-mm long central crack is subjected to a steady
cyclic loading R = 0.10. The plate plane strain and the threshold fracture toughness are 70

mMPa and 14.7 .mMPa Determine (a) the minimum stress range, (b) the maximum applied
stress range for a fatigue life of 3,000 cycles, and (c) the critical crack size for 3,000 cycles. Let

the Paris equation be applicable so that 4n and cycles/mMNA 1241210   .

Solution:

mmao 42  cyclesN 310 mMPaK IC 70 1

mmao 2 400.R  mMPa.K th 714

(a) Using eq. (9.2b) yields

 
MPa.

mx

mMPa.

a

K

o

th
th 45185

102

714
3







MPa.thmin 45185 

(b) From eq. (9.9) with 0oN since oa exists,

    03

2

21 


CCC
nn

 ( )2n

    m.KnNNAC
n

ICo 50021 

mMPax.)/K)(/(C IC  232
2 101232 

mMPax.)/K()/)(a(C n
IC

/n/n
o   29221

3 1043212 

01043210123500 9234  x.x.. 

Thus,

2524
31

2
2

11

22 10813101234
2

1

2
MPax.MPax.CCC

CC

C


maxMPa   642 (Positive real root)

(c)
max

minR



 and minmax  

minmaxR   and   maxmin

  maxmaxR

MPa
.

MPa.

R
max 713

101

31642

1











Then,

mm.
K

a
max

IC
c 13

1
2

















and mm.ac 262 

 a2
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9.10 Plot K.vsdN/da  for 403 S.S. using the Paris, Forman and Broek/Schijve equations. Use

the data given in Table 9.2 and a (20 mm)x(300 mm)x(900 mm) plate containing a single-edge

crack of 2-mm long. Let .mMPaKmMPa 8020  

Solution:

mxa 3102  mmB 20 mmw 300 mmL 900 and

0070.w/a  and 121.)w/a(f 

Using data for AISI 403 stainless steel yields

mMPaK IC 36 maxmin /R  and minmax  

mMPaK th 37.1 minmaxR   and   maxmin

MPays 1172   maxmaxR

10.R  53.n   R/max  1 for 1R
1310985  x.A

Need to calculate maxK for each given .K For instance, using the upper limit in the range

,mMPaKmMPa 8020   the procedure is as follows:

a
R

aK maxmax 






1

and mMPaaK 80 

Solve for the stress range,

MPa.12901 (Maximum)

   MPaR/max 10011   (upper limit)

 mMPaaK maxmax 89  (upper limit)

 mm.
K

a
max

IC
c 3048

1
2


















It is suggested that you use a computer program to handle all the calculations needed in order to
plot smooth curves.

Paris :  
da

dN
A K

n
  (9.6)

Forman :
 

 
 strainPlane

KKR

KA
=

dN

da

IC

n





1
(9.10)

Broek/Schijve :
da

dN
AK K n max

2  (9.11)
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9.11 Plot the data given below and use eq. (9.6) as the model to draw a curve fitting line on log-
log scales. Determine the constants in such an equation.

Solution:
Since the Stage II data is for a linear behavior in a
log-log scale, the constants in eq. (9.6) can be
estimated as follows:

 n
KA

dN

da
1

1









and  n

KA
dN

da
2

2










n

K

K

dN

da

dN

da





























2

1

2

1





    
 

 
 3020

1084810142 88

21

21

/ln

x./x.ln

K/Kln

dN/da/dN/daln
n






503.n 

 
    503

8

1

1

20

10142
.n

mMPa

cycles/mx.

K

dN/da
A






cycles/mMPax.A . 85031310985  

Then, the equation for curve fitting is of the following nature

  5031310985
.

Kx.
dN

da


Perhaps, the curve fitting procedure gives slightly different results.

No
.  mMPa

K

 cycle/m

dN/da

1 20 2.14x10-8

2 30 8.84x10-8

3 40 2.42x10-7

4 50 5.29x10-7

5 60 1.00x10-6

6 70 1.72x10-6

7 80 2.74x10-6

0

1e-06

2e-06

3e-06

4e-06

20 40 60 80 100

 cyclesmm
dN

da
/

 mMPaK
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9.12 A steel plate containing a single edge crack was subjected to a uniform stress range  at a
stress ratio of zero. Fatigue fracture occurred when the total crack length was 0.03 m. Subsequent
fatigue failure analysis revealed a striation spacing per unit cycle of 7.86x10-8 m. The
hypothetical steel has a modulus of elasticity of 207 GPa. Predict (a) the maximum cyclic stress
for a crack length of 0.01 m, (b) the striation spacing per unit cycle when the crack length is 0.02
m, (c) the Paris equation constants and (d) the plane strain fracture toughness and e) the fatigue
crack growth rate assuming that the Paris equation is applicable nearly up to fracture.

Solution:

(a) mxx 81086.7 

  max

8

8

69.23
6

1086.7
000,207

6

/1086.7

KmMPa
mx

MPa
x

EK

cyclesmx
N

a

dN

da

a

a





















Thus,

  max66.133
01.0

69.23



 


 MPa

m

mMPa

a

K

(b) For ma 02.0 ,

    mMPamMPaaKKb 50.3302.069.133max  

Then,

cyclemx
cycle

mx

N

x

N

a

dN

da

mx
MPa

mMPa

E

K
x

b

b

/1057.1
1

1057.1

1057.1
000,207

50.33
66

7
7

7

22









































 


(c) The exponent in the Paris equation is

 

 nb

b

n

a

a

KA
dN

da

KA
dN

da

















  
 

2

50.33

69.23
ln

1057.1

1086.7
ln

ln

/

/
ln

7

8
















































x

x

K

K

dNda

dNda

n

b

a

b

a

 a
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and the constant is

 
   
  210

210

2

8

1040.1

/1040.1
69.23

/1086.7/

Kx
dN

da

cycleMPax
mMPa

cyclemx

K

dNda
A

n

a

a













(d) For ac = 0.03 m,

   

mMPaK

mMPaaK

IC

cIC

41

03.066.133max



 

(e) Finally,

 
   
      cyclemxxKx

dN

da

cycleMPax
mMPa

cyclemx

K

dNda
A

IC

n

a

a

/1035.2411040.11040.1

/1040.1
69.23

/1086.7/

7210210

210

2

8













9.13 A 2-cm thick pressure vessel made of a high strength steel welded plates burst at an
unknown pressure. Fractographic work using a scanning electron microscope (SEM) revealed a
semielliptical fatigue surface crack (a = 0.1 cm and 2c = 0.2 cm) located perpendicular to the
hoop stress and nearly in the center of one of the welded plates. The last fatigue band exhibited
three striations having an average length of 0.34 mm at 10,000 magnification. The vessel internal
diameter was 10 cm. Calculate a) the pressure that caused fracture and b) the time it took for
fracture to occur due to pressure fluctuations. Assume a pressure frequency of 0.1 cycles per

minute (cpm). Given data: ys = 600 MPa, E = 207 GPa, mMPaK IC 75 and

da/dN = 4.50x10-7(K)2.

Solution:

5.0
2.0

1.0

2


c

a

05.0
2

1.0


B

a

cyclemx
cycle

m

N

a

dN

da
/1013.1

3

00034.0 4




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Using the given crack growth rate equation, K becomes

mMPaK

cycleMPax

cyclemx

A

dNda
K

85.15

/1050.4

/1013.1/
2/1

2

42/1


























From eq. (9.23),

 
  

mMPaK

m
MPa

x
EK

58.15

000,106

00034.0
000,207

6





which is similar to the previous K value. The average becomes .72.15 mMPaK  Assume

the following stress ratio 64.0/ ys so that ,384 MPa which is verified below. Thus, the

shape factor becomes

  38.264.0
33

7

2.0

1.0

4

3

233

7

24

3

2

2

2222222



















































































ysc

a
Q

The hoop stress range along with the average value of K is

 
MPa

m

mMPa

Qa

K
32.386

38.2/001.012.1

72.15

/








Thus,

64.0
600

32.386




ys



Therefore, the assumed stress ratio is reasonably correct and fortunately, a single iteration is
sufficient. The pressure is estimated as

   
MPa

cm

MPacm

d

B
P 40.154

10

384222




(b) The critical crack length is

cmmx
MPax

mMPaK
a IC

c 956.01056.9
32.38612.1

7511 3

22






















 


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Integrating eq. (9.15) along with 0oN yields

     
 
 

 
    

cycles
xxA

aa
N

A

aa

a

da

AaA

da

KA

da
dN

oc

oc

a

a

a

a

a

a

N

N

c

o

c

o

c

oo

53.8
32.38612.11050.4

)1.0/956.0ln(/ln

/ln1

272

2222


























Then,

min30.85
min/1.0

53.8


cycle

cycles

cpm

N
t

9.14 Show that  2max/ KKaa ICc 

Solution:

From,

cIC aK max and aK maxmax 

a

a

K

K

a

a

a

a

K

K

cIC

ccIC












2

max

max

max

max 



Then,
2

max










K

K
aa IC

c
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CHAPTER 10

FRACTURE TOUGHNESS CORRELATIONS

10.1 (a) Plot the given CVN–T data for a carbon steel. (b) Calculate KIC using the CVN values up
to zero oC and Plot KIC-cal and KIC-exp. vs. Temperature. Is there a significant difference? If so,
explain.

T (oC) -125 -100 -60 -40 -12 0 10 25 40 45 60 80
CVN (J) 12 18 20 28 40 78 98 110 125 126 28 30
KIC-exp.

(MPa.m1/2)
40 50 80 88 50 210

Solution:

(a) Plots
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(b) Do nonlinear curve fitting on ICK and VNC data set as per eqs. (10.66) and (10.67). Then, use

eq. (10.68) for calculating ICK values. Thus, plot KIC-cal and KIC-exp. vs. Temperature. Below

is a linear curve fitting result for plane strain fracture toughness and Charpy impact energy.
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10.2 A mild steel plate has a through the thickness single-edge crack, a yield strength of 800

MPa and a static fracture strength is ysf  2.3 . If the plate is loaded in tension and fractures at

600 MPa, calculate the plane strain fracture toughness of the steel plate and the critical crack
length.

Solution:

ysf  2.3 and MPays 800

2.3
ys

f




 and 2/120  m

From eq. (10.12),

    
mMPa

m

MPa
K

ys

IC 88
20

80012.31
2/1












If ,600 MPa then

  
mm

MPa

mMPaK
a

aK

IC
c

cIC

46.5
60012.1

881

12.1

1

12.1

22
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
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

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
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
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
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10.3 A standard Charpy specimen with B = 5 cm, w = 5 cm and S/w = 4 was tested at a room
temperature. The measured impact energy was 30 joules. The tested material has a modulus of
elasticity of 70,000 MPa. Calculate the KIC for this hypothetical specimen having x = a/w = 0.2.

Solution:
Data: x = a/w = 0.2 w = 5×10-2 m B = 5×10-2 m

E = 70,000 MPa U = 30×10-6 MJ = 30×10-6 MN.m

From eqs. (10.57) and (10.43), respectively,

 
45473.0

2.07

2

7

2





x

  
   

mMPaK

mxmx

MPamMNx

Bw

UE
KK

IC

IIC

98.42

10510545473.0

000,70.1030
22

6










10.4 Suppose that a design code calls for a Charpy impact energy of 22 Joules for building a

large pressure vessel containing an inert gas. If A533B and A723 ( MPays 100,1 ) steel plates

are available for such a purpose, then (a) select the steel that will tolerate the largest critical
crack length (depth of a surface semi-elliptical crack) when the hoop stress is 500 MPa and (b)
determine the minimum plate thickness as per ASTM E399 standard for the selected steel.

Solution:
For ,(A723)100,1and22,500 MPaJUMPa ys  

  mMPa.-
U

)
+K

.-

IC 50651
196

13920A533B
540









 eq. (10.71)

  mMPa.U.K ysysIC 91.2400606440A723 2   eq. (10.74)

(a) The critical length

mm
MPa

mMPaK
a IC

c 46.5
500

50.6511
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22
























mm
MPa
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a IC

c 60.10
500

24.9111
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The ASTM A723 steel allows a larger critical crack length; therefore, this material is selected for
such an application.

(b) The plate thickness for the selected A723 steel is

inchesmm
MPa

mMPaK
B

ys

IC 6772.020.17
100,1

24.91
5.25.2
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10.5 Plot the fracture toughness data for a hypothetical polymer and determine the brittle-ductile
transition temperature.

T (oC) -160 -120 -90 -80 -75 -70 -60 -50 -30

)( mMPaK IC
4.10 4.11 4.00 4.05 4.10 4.50 5.50 6.60 11.00

Solution:

10.6 For linear motion during Charpy impact tests, the energy lost by the striker ( SU ) and the

kinetic energy ( 2mv ) data for some polymers with different masses and spans to depth (S/w)

ratios [47] are given below. Let m/M 1 and a) plot f(mv²)U S  and estimate the coefficient

of restitution (e) for these data. What does e 10  mean? Theoretically, determine b) the

f(mv²)U S  ratio for the first bound which is transformed into specimen strain energy and c) the

f(mv²)U S  ratio when there is no bouncing.

mv2 mJ 0 50 100 150 200

US mJ 0 75 150 222 297
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Solution:

(a) The plot and the coefficient of restitution are

Polynomial fit:

250200150100500

350

300

250

200

150

100

50

0

x

y

From eq. (10.39) along with m/M << 1,

 

50

511

1







e

eSlope

mv²eU S

This result, ,5.0e means that a repeated impact of converging energy into strain energy occurs
until the last contact is achieved.

(b) The f(mv²)U S  ratio for the first bound which is transformed into specimen strain energy

requires that the coefficient of restitution be e = 1. Thus,

  21  emv²/U S

c) The  mv²fU S  ratio when there is no bouncing means that 0e . Thus,

  11  emv²/U S

y  0. 6  1. 482x or US  0. 6  1. 482mv2

)(mJ

U S

)(mv2 mJ
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10.7 A large and thick ASTM A533B-1 steel plate containing a 4-mm long through-the-thickness
central crack fractures when it is subjected to a tensile stress of 7 MPa. Plot U, KIC, and GIC at

CTC oo 100200  . Which of the plots is more suitable for determining the transition
temperature? Explain. Data: E = 207,000 MPa and v = 1/3.

Solution:

From eq. (10.72) and (10.73),

mMPa
U

K

T
U

IC in1
196

13920

Joulesin
)0297.0exp(1

196

54.0














Denote that the transition temperature ( oT ) is easily determined using the )(TfU  plot. This is

shown with dash lines.

         
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v
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It is clearly shown that the )(TfU IC  plot is more suitable for determining the transition

temperature CT o650  .

10.8 A large plate made of 18Ni-8Co-3Mo Grade 200 alloy is part of structure exposed to
relatively high temperature. Charpy impact tests were carried out and the average impact energy
is 60 J. Use this information to calculate (a) the plane strain fracture toughness, (b) the minimum
thickness ASTM requirement. The plate width is at least twice the thickness. Is this thickness
practical? (c) Assume that a single-edge through the thickness crack develops. What will the
critical crack length be? Will its value be reasonable?

Solution:

(a) If J60 and MPays 310,1 (From Table 10.1), then eq. (10.76) yields

KIC
ys

2

 4. 69 U
ys

 0.20

KIC  ys 4.69 U
ys

 0. 20

KIC  1, 310 MPa 4. 69 60
1,310

 0. 20

KIC  159.42 MPa m

100500-50-100-150-200

4

3

2

1

0

T (C)

GIC (J)

)(J

GIC

 CT o

CT o550 
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(b) From eq. (3.30), the minimum plate thickness is

B  2. 5 KIC
ys

2

 2.5 159. 42
1310

B  0. 30424 m  304.24 mm  12 inches

This is a very impractical thick for plate, but it complies with the ASTM plane strain conditions.

(c) Now if a single-edge crack develops during service, the critical crack length under a stress
half the yield strength will be

KIC 
ys

2
ac

ac  1


2KIC
ys

2

 103


2  159.42

1310

2

ac  19 mm

This is a reasonable result for a plate so thick.




