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CHAPTER 1

L
THEORY OF ELASTICITY

1.1 A thin sheet made of an aluminum alloy having E = 67 GPa, G = 256 GPaand aso v = 1/3
was used for two dimensional surface strain measurements. The measurements provided

£, =105x107°, ¢, =-20x10"°, and y,, = 240x10™°. Determine the corresponding stresses.

Solution:
O x _ E Ex T ngy _ 2.89 MPa
o, | @-Vv?)|e, +ve, | |-12.44MPa
E
r, == =60.45MPa
2(1+vV)

1.2 Determine (a) the principal stresses and strains and (b) the maximum shear stress for the case
described in Problem 1.1.

Solution:

2 2

o, =56.32 MPa
o, =-64.88 MPa
The principal strains are

2 2
e, +& e +E
e = oy [ ST L [Ty | 4254075 £1.20x10°°
L2 2 2 2

g, =1.15x10°
£, =-1.25x10"

Gxx+o-yy O-xx+6yy 2 2
@) o, =22+ || W | 472 —_428MPa+60.60 MPa

(b) The maximum

2
o, +0
T = \/(uj +12 =60.60 MPa

2
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1.3 Calculate the diameter of a 1-m long wire that supports a weight of 200 Newton. If the wire
stretches 2 mm, calculate the strain and the stress induced by the weight. Let E = 207 GPa

Solution:

_Al . 2mm
I, 10° mm

o]

d= 1/£ =0.78 mm
o

o = ¢E = 414 MPa
P=Ac = (r/4)d% = 200 N

=2x10"° = 0.20%

1.4 Derive an expression for the local uniform strain across the neck of around bar being loaded
intension. Then, determine its magnitude if the original diameter is reduced 80%.

Solution:

Volume constancy:
AL=AL,

o dL
£, = jT=|n(L/LO)=|n(o|0/o|)2

LU

e, =2In(d, /d)

If d=0.80d,, then
g,, = 2In(1/0.80) = 0.4463
g, =44.63%

1.5 The torsion of a bar containing a longitudina sharp groove may be characterized by a
warping function of the type [after F.A McClintock, Proc. Inter. Conf. on Fracture of Metds,

Inst. of Mechanical Eng., London, (1956) 538 w= u, = ¢_[; (ydx — xdy) . The displacements are

u, =0 andu, =rz¢, where ¢ and r are the angle of twist per unit length and the crack tip

radius, respectively. The polar coordinates have the origin at the tip of the groove, which has a
radius (R). Determine w, the shear strains y,, and y,,. In addition, predict the maximum of the

shear strain y,,,.
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Solution:

0
Let x= Rcosf and y = Rsin@ so that yez:ﬁJr(Ej%

0z rj)oo

2

dx=-Rsin6dé and dy = Rcosodd 7ez=r¢+(?1j(—¢R2)=r¢—@
w, =4[ (yx—xdy) = [ R*dlo If 1 — 0 then 7,, =y, — —
Ve =0

1.6 A cantilever beam having a cross-sectional area of 1.5 cm? is fixed at the left-hand side and
loaded with a 100 Newton downward vertical force at the extreme end as shown in the figure
shown below. Determine the strain in the strain gage located at 8 cm from the fixed end of the
shown steel cantilever beam. The steel modulus of elasticity of is E = 207 GPa.

+

Strain gage P=100N
(NS gl NI e N o W o Pl =
R R A S T i Ll | G ] h=0sem
8cm b=3cm
~—— X=20cm =

Solution:
SMTL=0 (Moments) o=MC
FBD: M !
e P(X-X,)-M =0 C=2
—— x_x, —= M=R(X =X, | _bh3
' 12
Thus,

_P(X—=X;)(h/2) _BP(X=X,]
s o’
12

(o)

Using Hooke' s law yields the elastic strain

_ -2
. ) _ (6)(100 N)(20 m— 8 m)x10 4640
2

(207x10% N /m)(3x102 m)(0.50x10" 2 m)?

3
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1.7 The stress-strain behavior of an annealed low-carbon steel (oys = 200 MPa and E = 207 GPa)
obeys the Hollomon equation with k = 530 MPa and n =0.25. (a) Plot the true and engineering
stress-strain curves. Calculate (b) the tensile strength (o) and (c) the strain energy density up to
the instability point.

Solution:

(a) Plots

o, =(+¢e)o o, =k(g,) oo K[In@+¢)]"

& =In(l+¢) (1+¢)o = k[In@L+ &) (1+e¢)

g =n=0.25
1000 @ Instability point
0.25 rue K
Stress Oy = 1200(‘91) '
70T Engineering

——)

o 1200[In(1+ &)[*
14025

Yield Point

& =025
(e, 0,0)=(0.0043 30581MPa) !

0 f f f f f
0 0.05 0.10 0.15 0.20 0.25 0.30

Strain

(b) The engineering yield strain and the true strain at the instability point on the true stress-strain
curve are, respectively

g, =n - JOMPa__, 5784100
®""E  207x10° MPa

g =n=0.25 @ Instability point

At the instability or ultimate tensile strength point (maximum),

O = ke = (1,200 MPa)(0.25)"* /848.53 MPa |

g =In(1+¢)
& =-1+exp(e,) = -1+ exp(0.25) =/0.28403
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o-max = (1+ g)o-ts
Gts = Gmax /(1+ 8)
o, = (374.77 MPa)/(1+ 0.28403) =[291.87 MPa

(c) The strain energy density (W) isjust the area under the stress-strain curve. In general, the true
and engineering strain energy densities are

{Todsj + [Tads]
0 Elasic  \%¥% Plastic

TEgde + Tks”ds = EZSS + %[(gts)hn + (Eys)m]
0

&

W,

W,

3\
(207’000)(4-3478"10 r. 13“20025 (0.28403)"°% + (4.3478x10°)

+0.25

=
Il

|- 33550 MPa

MN M _ 335 50 Ma/m

W
' m?> m

33550

and

W = {Tﬁdgl + (Tadsj
0 Elasic \% Plastic

W= S_fEsds + :j o= k[l(l;}-(jl__:)e)]" de = E;’i + nf—l[ln(gts +1l-g —1)]n+1

ys

0.25+1

(207,000)(4.3478x10°3f [ 1,200
W= : +
W = 099932 095718

j[' n(0.28403- 4.3478x10°)|
0.25+1

Therefore, the engineering strain energy density can not be determined analytically using the
modified Hollomon equation. Instead, the solution can be achieved numerically. Thus,

0.0043478 0.28403 0.25
W= [207000eds+ | 12000n(L+2)]™ 4 _ 17060 MPa
0 (1+ e)

0.0043478

W =17060 MJ/m®

W ~ 2V

t
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1.8 The figure below shows a schematic cross-sectional view of a pressure vesse (hollow
cylinder) subjected to internal and external pressures. Determine the stresses at a point P(r,@) in
polar coordinates when (a) P =0 and P #0, (b) P, =0, (c) P =0 and (d) a=0 so that the
hollow cylinder becomes a solid cylinder. (e) Plot o, = f(r) and o, = f(r). Let a =450 mm,
b=800mm, P =0 and P =40 MPa. The valid radius range must be 0.45m<r <0.80 m. Use

the following Airy’s stress function
p=c +c,Inr+cyr?
Along with the boundary conditions
o, =—-P 7,=0 @r=a

o, =—-P 7,=0 @r=Db

r [0}

Solution:

(a) Derivativesof ¢ =c, +c,Inr +c,r?

aa—f=%+203r %:0 0% 0
6—2"’——&+2c 5 —o oro0
or? r? 3 002

From eg. (1.58),

106 1% c,
==, 200 Zge
T ror r2o0* r? 3
o’ ¢
Oy = arz —r—§+203
_10p 10%

S

" r200 rored
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Using the boundary conditions yields
C

r:—P_ + 2¢, -P =—=2+2c,
r r
c @)
=-P, == +2c, —P_ 2 +2c,
r r
Replacer for the proper radius and solve eg. (a) for ¢, and c,
—Pi=C—§+2c3
r
—P_ 2 +2c,
r
from which
—F{:%+203
C
203:—P,—a—22
and
C
- o_b_g+2C3
C
203:_ o_b_z
Then,
p+l_pi& c, 1 a’p? a’h’
C' aC2 ° b 2C3:_0_F:_PO_FF(PO_R) _Po+m(Pi_Po)
%-5=R-P a’R__ a’R 'R a’
> g a e e
o_Pi
2 2
a2b? 20=api_bP°
Cz_bz_az(Po_Pi) 3 b?-a? b?’-a’
a’b? a’P —b’P,
Cz_bz_az I:)o_l:)i) & C; = 2b2_a2
Thus
~b%p, | a®’(R,~R)

KR A
_b2 2b2 _
o, = bé—azo_( (P, T R)
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(b) If P, =0, then

a’P b?
T g2 1_r_2

aZPi b2
Oy = b2 _a2 1+r—2

(©) If PR =0, then

b’P, (&’
o et

2 2
Ogg = 0%, (a—+1j

b?—a?| r?
7,,=0 7,,=0
(d) If a=0, then
Oy = _Po
O =—F,
7,,=0
(e) The plot
100
5T
O
o 50T
(MPa) |
0
il GI’I’
50T ‘ ‘ ‘
0.4 ‘0.5 ‘0.6 ‘0.7
Radius r (m)

0.8

Solution Manual
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1.9 Consider an infinite plate with a central hole subjected to a remote uniform stress as shown in
Example 1.5. The boundary conditions for this loaded plate are (1) o, =0, =Sand oy = 7,y = 0

ar=o0w and(2) o, =1,,=0 a r =a. Usethefollowing complex potentials[12]
2 2 4
v@=3(1-2)ady '@ - $(1-5 %)
to determine oy, 0y and 7,4 (in polar coordinates).

Solution: The infinite plate with a central hole subjected to aremote uniform stressis

Use the following stress expressions
or+09 =2y'(2) +2y'(2) = 4Rey'(2)
o9 —or+i2t = 22" (2) + 1" (2)]€¥

Recall that the Euler'sformulafor z and 2 are
z=re? = r(cosf +isno)
z=re' = r(cosf —ising)
Z" = rme™ = r3(cosn¥ +isinmp)
and their real and imaginary parts are
Rez = rcosf & Rez™ = r™cosmd
Imz=rgnfd & Imz™ = r"sinmd

Apply the Euler's formulato the above complex potentials so that
iy S 222\ _ S 2a2
v -3(-2)-30-%5)
! _ S 282 i
v(2) = z(l— 2 ¢ '29>
4Rey'(2) = s<1 - 2r—a22 cosze>

(&) Thefirst stress equation:

@
or+0p = 4Rey/'(2) = S(l - 2r—"f cosZO)

Then,
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a2
Z)=>2-—- 2
v'(@) = 4 7
" _ 2Sa? — Sa? — Sa? — 2 —i30
Vi@ =% 7 e 3 °

v'"(2) = Sri;cos% (Real part)
Thus,
_ _ o Sa?
2'(2) = (re)(2) = e

(b) The second potential:

1@ =3(-Ee ) = 20 )

Hence,
o9 —0or+i2t = 229" (2) + " (2)]€¥
Cgp—0Or+12Tr9 = Z[S%Zei‘“’eiz" — §ei29 + Sa’e® — 3Sa‘e :|

. 2 . 2 4
o —0r +12119 = S|:_2a2 e _ g2 4 a—2 — —36}1 e"29:|
r r r
Real parts:

oo —or = § 2 cos20 - cos20 + & — 2 cos2) |

Add egs. (a) and (c) and solve for gy
oy = %(1+ ) - —<1+ )cosze

Use eg. (a) to solvefor o;
or=$(1-%) - $(1- 4 + 3 ) cos2

Using the imaginary part of eq. (b) yields shear stress 7,4 as
120 = §(i 28" sin20 — i sn20 + 98" sin29 )

Trg = S<1+ 282 3ra )st@

2 r2
Atr=a
Oy = O
o9 = S—25c0s20 = 1 - 2c0s20)
Tro = O

10

Solution Manual

(b)

©

(d1)

(d2)

(d3)

(f1)
(f2)

(f3)
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1.10 Use the Cauchy-Riemann condition to show that (a) f(z2) = 1/z is anaytic and (b) its
derivativeisf(z)=-1/Z.

Solution:
(@) If z=x+1y, then
1 _ 1 _ 1 xdy _ xdy
z X+Hy XHY X—iy x2+y?
1 _ _x o _y
z X242 x24y2
Let
_ _X - __Yy
u= x2+y2 V= x2+y?
Then
u <x2+y2>x’—x<x2+y2>' X2yt y2y?
OX <x2+y2> 2 (x2+y2> 2 <x2+y2> 2
u o2y
oy (Xz +y2)2
and
oY
K (ry)”
oV X2 —x2

¥y

Thus,
o _ v
oy OX

Therefore, f(z) = 1/z is analytic because ou/dy = Ov/0x.

(b) The derivative of f(z) = 1/zis

! — dcl1y_ Oou , iov
f(Z)— dz(Z)_ 8x+|8x

/ y2—x? . 2xy (y+ix)?
O e Ty T ey
L SiCy0?  —eip?
ity (ey?)? [ey)(x-i)]?
2 __1
[22]2 22

11
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1.12 Evaluate the Cauchy integral formula given below for the complex function when z, = .

f(zo) = =& LSidz

27Ti 22_

Solution:
Theintegral has to be modified as

f(zo) _ LJ‘ C0osz dz

oni ) 21
f(z0) = 57 | The D%
fzo) = L[ Zf(_z)l dz
[ 1 gz - 2rif(zo)
where
f(z) = 22
Then,
[ 212 gz = 2rif(zo)
J' Zf(_z)l dz = 2ni ;:’izi .
j%dz: 27i[ COSZ ] — 1 5

12
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CHAPTER 2

INTRODUCTION TO FRACTURE
MECHANICS

2.1 Show that the applied stress o — 0 asthe crack tip radius p — 0. Explain

Solution:

From eqg. (2.28),

Oex = 20 /E and O'=£O'max1/£
Jo, 2 a

Therefore, c -0 asp — 0. This means that the applied stress o —0 since the materia has
fractured or separated, at least into two pieces, and there is not a crack present sothat p — 0. On
the other hand, p — 0 means that the existing crack is very sharp as in the case of a fatigue
crack.

2.2 For a Griffith crack case, crack propagation takes place if the strain energy satisfies the
inequality [U(a)-U(a+Aa)|>2Aay, where Aa=crack extension and y is the surface energy.

Show that the crack driving force or the strain energy release rate at instability is G > &;(a) :
a
Solution:
Usethe Taylor’s series to expand the |eft side term of the inequality. Thus,
2
U(a+Aa):U(a)+lau(a)Aa+1aU—@Aa2+imAa3+ .............. (2.1
T fa 2 sal 3
Using the first two terms yields
2.2
U(a+Aa):U(a)+aU(a)Aa (22)
oa
ou (a)
U(a)-U(a+Aa)=- Aa (2.2
oa
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Then,

U (a)

oa
oU (a)

oa

Aa > 2Aay (2.3

>2y =G (24

Therefore,

B8 (2.5)
oa

23 A 1Immx15mmx100mm steel strap has a 3-mm long central crack is loaded to failure.
Assume that the steel is brittle and has E=207,000MPa, o, =1500MPa, and
K, = 70 MPay/m. Determine the critical stress (o) and the critical strain energy release rate.

Solution:
a=15mm and a/w=0.10

The geometry correction factor:

a=falw)= %tan(@j ~1.07
W

The stress intensity factor
Kc=ao; Jra
Kic
o, =——==~1020 MPa
o ma

The strain energy release rate

KZ

Ge =g

G. =2370kPa-m
G = 23.70kN/m?

24 Suppose that a structure made of plates has one cracked plate. If the crack reaches a
critical size, will that plate fracture or the entire structure collapse? Explain.

Answer: If the structure does not have crack stoppers, the entire structure will collapse since the
cracked plate will be the source of structural instability.

2
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2.5 What is crack instability based on according to Griffith criterion?

Answer: It is based on the energy consumption creating new surfaces or in developing crack
extension. Thisenergy is the surface energy 2y.

2.6 Can the Griffith Theory be applied for a quenched steel containing 1.2%C, if a penny-
shaped crack is detected?

Answer: Despite the quenched stedl is brittle, the Griffith Theory applies only if a plastic zone
does not form at the crack tip.

2.7 Will the Irwin Theory (or modified Griffith Theory) be valid for a changing plastic zone size
asthe crack advances?

Answer: No. Itisvalid if the plastic zone remains constant as it the case in many materials
under plane strain conditions.

2.8 What are the major roles of the surface energy and the stored elastic energies in a crack
growth situation?

Answer: The surface energy acts as a retarding force for crack growth and the stored elastic
energy acts to extend the crack. Thus, concurrent with crack growth is the recovery of elastic
strain energy by the relaxation of atomic bonds above and below the fracture plane.

2.9 What does happen to the elastic strain energy when crack growth occur?

Answer: Itisreleased asthe crack driving force for crack growth.

2.10 What does oU/0a = 0 mean?

Answer: Crack growth occurs at o =0, as shown in eg. (2.23), since the magnitude of crack
growth and the crack resistance force become equal. That is,

2
Dy = mafo

nafo?

If 2ys> , then fracture occurs and the fracture toughness without any plastic zone

deformation is GC =2y a o=o0, asshownineq. (2.31) with y,=0. Thus, GC =2y isrelated
to anirreversible process of fracture.
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2.11 Derive eq. (2.28) starting with eqg. (2.20).
Solution:

From eg. (2.20),

Orax | @
K= o =2 ; Multiplying this expression by ./zp yields the stress intensity factor as per
1 \/E eg. (2.28)
Eamax = ; (e}
Lo =ﬁa > = o
Jo,
K, = ora
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CHAPTER 3

LINEAR ELASTIC FRACTURE
MECHANICS

3.1 A sted strap 1-mm thick and 20-mm wide with a through-the-thickness central crack 4-mm
long is loaded to failure. (a) Determine the critical load if Kic = 80 MPa+/mfor the strap
material. (b) Use the available correction factor, o = f (a/w), for this crack configuration. Now,
do the following three comparisons to have a better understanding: Feddersen:
o, =(fraction)o , Irwin: o, =(fraction)o , and Koiter-Benthem: o = (fraction)o .

P <« ‘2aw—>P

N v
D
XB=1mm

Solution:
B = 1mm, w = 20mm, 2a= 4 mm, a/w = 0.10, K;c = 80 MPaym, K, =o_/ma - f(a/w),

(a) Finiteplate:
From egs. (3.31) and (3.32) along with a/w=0.10rad. = (180°)(0.10) / = = 5.7296°

Feddersen [12]: f(%v) - ,/sec(%) ~1025 o = 984.64MPa

lrwin [13]: ( Av) —tan( j =1017 o, =992.38MPa

Koiter-Benthem [14]: (%v) \/7{ _(%V)+1304(%v)1=1021 o =98849MPa
1-28

(b) Infinite plate approach [a/w — 0 since f(alw) — 1].
o - Ke _ 80MPavm

" Jm [z(2x107m)
Feddersen: o, =97.56%-c. (infinite)
[rwin: o, =98.33%- 0o, (infinite)
Koiter: o, =97.94%- o, (infinite)

=1009.25MPa

Therefore, the calculated o vaues do not differ much since the plate dimensions are large
enough and theinitial crack sizeisrelatively small.
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3.2 A stedl tension bar 8-mm thick and 50-mm wide with an initial single-edge crack of 10-mm
long is subjected to a uniaxial stress o = 140 MPa. (a) Determine the stress intensity factor K. If

Kic = 60 MPa+/m, isthe crack stable? (b) Determine the critical crack size, and (c) determine the
critical load.

-
P <« \/T w L P
N +
DN
B
Solution:
o=PIA= 140 MPa, Kc =60 MPaym, K,=0\/E~f(ij
w
B =8 mm, w=50mm, a=10mm, x= a/w=0.20, A =Bw

From Table3.1, K, = ao+/ma and
a = f(x)=1.12-0.231(x)+10.55(x)* - 21.71(x)’ + 30.38(x)*
a = f(x=020)=1.37

(a) The applied stressintensity factor

K, =34 MPa+/m
K,c = 60 MPa/m

Therefore, the crack is stable because K, < Kc.

(b) K =oyfma,.f(x)

2
a, = 11 K =0.0311m=31.10 mm
| f(x)-o

(c) Thecritica load

o=—

A
A= Bw = (8 mm)(50 mm) = 400 mm? = 4x10™* m?
MN
m2
MN
4x10™*) 60 m
1000

m .
P = = =0.0988 MN =98.84 KN (Critical)
f(xWza  1.37\/z(10x10°m) —

P=Ac =(4x10™* m2(140 j — 0.056MN =56 kN (Applied)
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3.3 A very sharp penny-shaped crack with a diameter of 22-mm is completely embedded in a
highly brittle solid. Assume that catastrophic fracture occurs when a stress of 600 MPa is
applied. @) What is the fracture toughness for this solid? (Assume that this fracture toughness is
for plane strain conditions). b) If a sheet 5-mm thick of this solid is prepared for fracture-
toughness testing. Would the fracture-toughness value [(calculated in part @)] be an acceptable
number according to the ASTM E399 standard? Use oys = 1342 MPa. ¢) What thickness would
be required for the fracture-toughness test to be valid?

Solution:
8 Ke=2ovm-
T

2 (600 MPa)y/z(11x10°m) = 71 MPaym

T

K.) 71MPaym )’
b) Bzz.s[iJ =2.{¢] —7mm >5mm (Not valid)

o 1342 MPa

c) B>7mm

3.4 (a) One guitar steel string has a miniature circumferential crack of 0.009 mm deep. This
implies that the radius ratio is amost unity, d /D ~ 1. b) Another string has alocalized miniature
surface crack (single-edge crack like) of 0.009 mm deep. Assume that both

o strings are identical with an outer diameter of 0.28 mm. If aload of 49 N is
applied to the string when being tuned, will it break? Given properties:

5 K,c =15MPavm, o, = 795MPa.

i

Solution:

(a) Circumferentia crack

If a:D—;dzo.oog mm, then d = 0.262 mm

o=2P _ _WUEN) ___q5867 MPa
7d?  7(0.262x10°m)

o= f(d/D)=1\/EF+E+§(9)—0.36(3] +o.72(9j }
2\d|2"d "8lD D D

For d/D =0.9357,
a=114
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K, = ac+/ma
K, = (1.14)(908.87 MPa)/z(0.009x10°m)
K, =5.51MPay/m

(b) Surface edge crack

a=112

K, —ac+/ra

K, = (1.12)(908.87 MPa)/x(0.009x10°m)
K, =5.41MPay/m

Therefore, the strings will not break since K, <K, in both cases. When d/D ~1 and the crack
sizeisvery small, either approach gives similar results.

3.5 A 7075-T6 duminum aloy is loaded in tension. Initially the 10mmx100mmx500mm plate
has a 4-mm single-edge through-the-thickness crack. (a) Is this test valid? (b) Calculate the
maximum allowable tension stress this plate can support, (c) Is it necessary to correct K, due to
crack-tip plasticity? Why? or Why not? (d) Calculate the design stress and stress intensity factor
if the safety factor is 1.5. Data: o, = 586 MPaand K¢ = 33 MPay/m.

Solution:

2
K _ _
(@) B> 2.5( % ysj =7.93mm and 8/ = 0.0375

Plane strain condition holds because the actual thicknessis greater than the required value.

(b) K, =ac+/ma; a=4mmandw =100 mm

a=1(8()-112- 0.231(\%} ¥ 10.55(\%}2 - 21_71( Vij 204 8( a J4

a=1(8()- (0.04)-113

Thus,

K
o =—7==261MPa

ama
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(c) Plastic zone correction:

1(K 2
r~— V ~ 0.17mm
67T O-ys

Ky =aoc.,ma, Wwith ag, =a+r=4.17mm
Ky =(1.13)(261 MPa),/z(4.17x10° m)
K, =33.76 MPay/m

Therefore, there is no need for crack tip plasticity sinceK, , =~ K ..

(d) o, _o _261MPa_ .- viPa
S- 15
K 33 MPavm
K, =—%= =22 MPa+m
g 1.5 Jm

3.6 A sted ship deck (30mm thick, 12m wide, and 20m long) is stressed in the manner shown

below. It is operated below its ductile-to-brittle transition temperature (with Kc = 28.3 MPa+/m).
If a 65-mm long through-the-thickness central crack is present, calculate the tensile stress for
catastrophic failure. Compare this stress with the yield strength of 240 MPafor this stedl.

Solution:
2a=65mm T o = f(a/w)—1 sincealw — 0
_ -« —
w=12m p _ | | 2a —P
L =20m - L,
K, $ Transition Range.
(MPavm)
or ~
CVN
Energy
(Joules) - «—-
> T
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K, =aom K, =283MPaym and o, = 240MPa

oo Ke _ 28.3 MPay/m _ 8857 MPa

Jm \/ (625><10_

Therefore, o <o, and to assure structural integrity, the safety factor (SF) that can be used to
avoid fracture or crack propagation isin the order of

s> r_ 240MPa o
o 8857 MPa

K . I .
3.7 Show that d—' > 0 for crack instability in alarge plate under aremote tensile external stress.
a

Solution:

K, :0\/5

dﬁ:}a,/z >0 since o >0and a>0
da 2 a

3.8 The plate below has an interna crack subjected to a pressure P on the crack surface. The
stress intensity factors at points A and B are

P |a+x &,
e |
:J' P a—x_dx AB
® ) JmaVa+x IT)

Use the principle of superposition to show that the total stress intensity factor is of the form

K, =PJma

Solution:
According to the principle of superposition, the total stressintensity factor is

K, =Ky +Kg \/_j(\/‘::z \/a+x]d _2PJ7 j\/i

6
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Furthermore,

\/a+x+\/a—x:\/a+x+Ja—x:(a+x)+(a—x): 2a
a-x Va+x Ja-x +a+x Ja-x)(a+x) +a?-x?
=arcsinZ

a

J' dx

and
K, = 2P\/Earcsin§
T a

If x= a on the crack surface, thenarcsin(1)= /2 =90° and

<, =2p [ ZarsinX =2 3 T pa
T

a T

3.9 A pressure vessdl is to be designed using the leak-before-break criterion based on the
circumferential wall stress and plane strain fracture toughness. The design stress is restricted by
the yield strength o and a safety factor (Sr). Derive expressions for (a) the critical crack size

and (b) the maximum allowable pressure when the crack sizeis equalsto the vessel thickness.

Solution:
(@) Thecritical crack size

Kic =a0\/a

K|c =O§F—YS\/E

1l

Select some alloy having known K . and o values. The alloy with the highest Kie and

Oys

2
(&J values should be used for constructing the pressure vessel.

Oys
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3.10 A stock of steel plates with Gic = 130 kJ/m?, oys = 2,200 MPa, E = 207 GPa, v = 1/3 are
used to fabricate a cylindrical pressure vessel (di =5 m and B = 25.4 mm). The vessel fractured
at a pressure of 20 MPa. Subsequent failure analysis revealed an internal semi-elliptical surface
crack of a = 25 mm and 2c = 10 mm. (a) Use a fracture mechanics approach to predict the
critical crack length this sted would tolerate. (b) Based on this catastrophic failure, another
vessel was constructed with d, = 5.5 m and d; = 5 m. Will this new vessel fracture at a pressure
of 20 MPaif there is an internal semi-elliptica surface crack having the same dimensions as in
part (a)?

Solution:

(a) The vessdl is based on the thin-wall theory since the thicknessis
_d _5x10°mm

20 20
B = 25.4 mm (Given) is less than the required thickness. So use the thin-wall theory.

=250 mm (Requirement)

Thus, the fracture hoop stressis
o Pid (20 MPa) (5x10° mm)

2B (2)(25.4 mm)
on = 1,968.50 MPa

Using eg. (2.34) yields the critical crack length

_ EGic
B n(1-Vv?)o?

(2o7x103 MPa) (130x10-3 MPa. m)
ac =

7(1- 1/32)(1,968.50 MPa)
a: =249 mMm= 2.5 mm

(b) For the new vessd,

B = 5 = 2_ =0.30m
-5
Also,
Oh = [%in = 8.86P;

on = 8.86(20 MPa) = 177.23 MPa
o =on+ P =9.86P; = 197.23 MPa
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Then,

a/2c = 2.5/10 = 0.25
oloys = 197.23/2,200 = 0.09
From eg. (3.44),

(DT3B T-F()
Q=(2)T2+027] - L0097
Q=163

Thus, the applied stress intensity factor is

Ki=o ﬂ—Qa
3
K = (197.23 MPa) %ﬁf)

K, = 13.69 MPa/m
From eqg. (2.33) at fracture,

[EG
Kie = | 1o

- (207x103 MPa) (130x10-3 MPa.m)
o 1-(U3)2

Kic = 174 MPa/m

Therefore, the new vessal will not fracture because K, < Kc.

3.11 A cylindrical pressure vessal with B = 25.4 mm and d; = 800 mm is subjected to an internal
pressure P;. The material has K . = 31 MPa+/m and ays = 600 MPa. (a) Use a safety factor to

determine the actual pressure P;. (b) Assume there exists a semi-élliptical surface crack with a =
5 mm and 2c = 25 mm and that a pressure surge occurs causing fracture of the vessel. Calculate
the fracture internal pressure P;. (c) Calculate the critical crack length.

Solution:
(a) Let'sfigure out which pressure vessel wall theory should be used.

d_ 80m _ 40 mm

Bﬁﬁ =
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Therefore, the thin-wall theory should be used. The actual or applied pressureis

o = Pidi _ Oy
B S

b _ 2Boy _ 2(25.4 mm) (600 MPa)
Sed 2.5(800 mm)

Pi = 15.24 MPa

(b) Using the principle of superposition yields

GIGh+Pi =P2i—gi+Pi
_(d /800 |
o=(28 +1>P' - (27 + 1P

o = 16.75P; = 16. 75(15. 24 MPa)
o = 255.24 MPa (Actual)

Also,
a _ 5 _
5c ~ 25 ~ 020 a_- 5 -0
_ 25524 _ :
0w = To00 ~ 043 M = My = 1 [See eq.(3.46) & Figure 3.6]
From eqg. (3.44),

o=(5)13+(2)]-&(&)
Q- (513 +027T - Fow?
Q=150

From eg. (3.41),

Kic = MMyo ”—5‘ = 16.75P¢ /”—5

Now, the surge pressure is

p. — _Kic Q _ 31MPa/m 1.50
"~ 1675V 7a 16.75 7(5x10°3 m)

P: = 18.09 MPa

10
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(c) Thecritical crack lengthis

Kic = o /%a = 16.75P | ”SC

2
ac:g< Kic >z: 15 31 MPa/m
7\ 16.75P; 7T\ 16.75 x 15.24 MPa

ac. = 7.04 mm

3.12 Thisisaproblem that involves strength of materials and fracture mechanics. An AlSI 4340
steel is used to design acylindrical pressure having an inside diameter and an outside diameter of
6.35 cm and 12.07 cm, respectively. The hoop stressis not to exceed 80% of the yield strength of
the material. (a) Is the structure a thin-wall vessal or a thick-wall pipe? (b) What is the internal
pressure? (¢) Assume that an internal semi-elliptical surface crack exist with a =2 mm and 2c =
6 mm. Will the vessel fail? (d) Will you recommend steel for the pressure vessel? Why? or Why
not? (e) What is the maximum crack length the A1SI 4340 steel can tolerate? Explain.

Solution: Internal Crack External Surface
() =) T
a v
d =6.35m d, =12.07m 2c

a=2mmand2c=6mm

From Table 3.2, oys = 1,476 MPaand Kc = 81 MPafor AISI 4340 sted!.

(a) Using the diameters yields
do _ 12.07 — 1.09

di 6.35
2 2
B=286cm
Therefore, the pressure vessel is based on the thick-wall theory because
do
4 = 1.1
d _
B> >0 = 0.32

(b) From eqg. (3.43e),

N2
p :[M)z"'l}pi = 0.80ys
(do/di)? -1
P — 0.8 [(do/di)z—lJ
TR (doldi) 2+ 1

11
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Thus, the internal pressureis

P = 0.8(1,476 MPa)[%J =

Pi = 101.51 MPa

(c) Fracture mechanics:
o =o0n+Pi =0.80ys+ P
o = 0.8(1,476 MPa) + 101.51 MPa
o = 1,282.30 MPa

Thus, a/2¢ = 2/6 = 0.33, o/cys = 0.87 and the shape factor becomes
_(z 2[3 a ZT_L o )?
Q= (%) 2+(&) 33<0ys>

Q=(2)T2 +0337?] - L8’

Q=166
Then,
7 (2x103 m
Ki=o |78 = (128230 MPa)J%

K, = 78.89 MPa/m

Therefore, the pressure vessel will not fail because K| < Kic.

(d) Denotethat K, isslightly below the K¢ value and safety precautions should be taken because
aminor increase in pressure due to a pressure surge will cause fracture. The margin of safety is
very small and therefore, a new steel should be used having a higher K cvalue.

(e) Thecritical crack lengthis

K|C =0 %
ac=9(K'C)2= 1.66 ( _81MPa/m
AN T 1,282.30 MPa

a. =2.11 mm

This result implies that the pressure vessel may fracture because the existing crack of 2 mm in
length is approximately 5% smaller than its critical value. Therefore, a new steel should be used
to design the pressure vessel having the same dimensions and being subjected to the design
conditions.

12
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3.13 A simple supported beam made of soda glass (E =71 MPaand G c = 12 Jm?) is subjected to
a uniformly distributed bending load as shown in the figure below. Assume an initial crack
length of 0.1 mm due to ether stress corrosion cracking (SCC) or a mechanical defect introduced
during fabrication or handling. The design stress (working stress) and the crack velocity equation

are 0.10 MPaand v = K™ = (6.24 m/s)K**, respectively. Use this information to calculate the

lifetime of the beam if the maximum bending stress is given by ¢ = (MB/2)/l and M = c4L%8,
where the second moment of areais| = wB?¥12.

1111111 219

w = 200 mm

T T L=2m

Solution:

Givendata G, =12J/m*=12Pam, E=71GPa
B=20mm, w=200mm, L=2m

The applied stress

_30,L° _ (3)(0.10 MPa)(2,000 mm)’
4wB?  (4)(200 mm)15 mm)®

=6.67 MPa

Using Griffith expression, eg. (2.34), gives the critical crack length

3 —6
o = EGc _ (71x10° MPa)12x10 2MPa.m)= 610 mm
o (7)6.67 MPa)

Thisis alarge crack length for a brittle material such as soda glass. The applied and the critical
stress intensity factors, eq. (3.29), are

K, = ao/ma = (1.12)(6.67 MPak/z (10 m) = 0.13 MPaym

K¢ = acfma, =(1.12)6.67 MPa),/z(6.10x10* m) = 1.03 MPa/m

The crack velocity equation can be rearranged using the Chain Rule. Thus,

_da_da oK,
dt  dK, dt

13
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v=%=%% & v=pK"=(6.24m/s)K{>*
2K, dK

K™= LN

AR natc? dt

Rearranging this equation and integrating with respect to time yields

= o 0K,
ra ‘o PK,
t K
2 IC m
-c[dt = m lz[l KI dK|
Kic Kic
where [ KK, =———K>"| = (K&"-KZ")
R, m-2 K m-2
Then,
2 1 -m -m
e rar LG
t,=- 2 ( 1 j[(1.03)2‘15'83 —(0.13)2‘15-83]
(7)1.12)*(6.67 MPa)’(6.24 m/s) | 15.83—2

t, = 2.3733x10° seconds = 7.52 years

Therefore, the beam will last 7.53 years prior to fracture.

14
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3.14 Plot the given data for a hypothetical solid SE(T) specimen and determine the plane strain
fracture toughness Kc. Here, o = f (a/w)\/; is the modified geometry correction factor.

av2(mv2)| 6 198/15/18 22 | 25 | 35 | 38
ac (MPa) | 30| 50|70/ 90 116 | 122 175 190

Solution:
The plot

200

aoc 1507
(MPa) .
100 T
507 Slope=5.0144 MPavm
0 : : :

a2 (m—1/2)

Linear curvefitting gives
ac =5.0144a"% - 0.42832
A(aa)

Sope= )" 5.0144 MPay/m

K, = ao~ma ~5.0144 MPay/m

15
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3.15 A pressure vessel (L >> B = 15 mm, d; = 2 m) is to be made out of a weldable steel alloy
having oys = 1,200 MPa and K c = 85 MPa. If an embedded elliptical crack (2a=5 mm and 2c =
16 mm) as shown below is perpendicular to the hoop stress, due to welding defects, the given
data correspond to the operating room temperature and the operating pressure is 8 MPa, then
calculate the applied stress intensity factor. Will the pressure vessel explode?

A

l

2c

Solution:

do=di+2B=2m+2x15x103m=2.03m
do _ 203 _ 102

di 2
di _ 2x10°mm

50 = 20 = 100 mm

B<

The pressure vessel is of thin-wall type because do/di < 1.1 gnd B < di/20. The hoop stress and
the stress intensity factor for the embedded elliptical crack are, respectively

o, = Dud:
2B
K]= G,L,F
where
v= g5 (#) ]
Then,
- 4P.d, Jta
! zme[%+(%)2]

4(8 MPa) (2 m) J;r (2.5%10% m)
2w (1510 m)[ £+ ()]

K;=77.71 MPa/m

The pressure vessel will not explode because K < Kc.

16
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3.16 A steel pressure vessel subjected to a constant internal pressure of 20 MPa contains an
internal semi-elliptical surface crack with dimensions shown below. Calculate K, when (a) Q

and o/5 in eq. (3.44) and (b) Q=1+1464(a/c)* as per reference [31]. () Compare results
and explain. (d) If fracture does not occur, calculate the safe factors S and S®. Explain the
results. Data: K, = 92 MPavm, o, = 900 MPa, v=0.3 and B =30 mm

Solution:

For d,/d, =104 and B=(d, - d,)/2=(L04 m-1m)/2= 002 m= 20 mm
P=20MPa, a/2c=2/8=1/4

+
2B 2x002m
clo,=520/900=0.57778

a4

2 27
j 3, (1) - 1 (0.57778) = 15581
2"\a) | "

-3
K, =1.120 |™ =1.12(520 MPa), /”—(2"10) = 36.98MPay/m
Q 1.5581

Pd d Im
(@ o=0,+P=-"+P=[1+— |P=|1+—————|(20 MPa)=520 MPa< o
i i ZB i ys

Validity as per ASTM E399

2 2
By 225 Rie | =2 92MPaVm ) _, ¢1310°% m=26.12 mm
o 900 MPa

ys

B=30,,,>B,q, OK!

(b) For Q=1+1.464(a/c)"® =1+1.464(2/ 4)"* = 1.4665,

-3
K, =1.126 ™ —112(520 MPa), 2220 ) _ 38 12 MPaym
Q 1.4665

17
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(c) Comparing these results yields K® ~ 0.97K” and the percent error is

%Error = % X100~ 3%

This indicates that the Q equations give dissmilar results despite the different mathematical
approaches being used. Nonetheless, both calculated K, values are below K,. and therefore,

fracture does not occur.

(d) Since K, < K. the safety factor can be calculated. Thus,

S® =K, /K® =92/36.98=2.49
SP =K, /K" =92/38.12=241

These are reasonably high values and therefore, the pressure vessel can be kept in service, but a
nondestructive technique must be used to monitor any crack growth that may lead to a — a, and

K, = Ke.

3.17 An auminum-aloy plate has a plane strain fracture toughness of 30 MPayv/m. Two
identical single-edge cracked specimens are subjected to tension loading. (a) One specimen
having a 2-mm crack fractures at a stress level of 330 MPa. Calculate the geometry correction
factor o = f(a/w). (b) Will the second specimen having a 1-mm crack fracture when loaded at
430 MPa?

Solution:

(a) The geometry correction factor is
Ke 30 MPav/m
oma (330 MPa)\/x(2x10° m)

a=f(a/w)= =1.1469

(b) The stress intensity factor for the second specimenis

K, = ao+/ma = (1.1469)(430 MPa),/z(1x10~> m) = 27.64 MPay/m

Therefore, fracture will not occur because K, < Ki..

18
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EXTRA PROBLEM NOT INCLUDED IN THE BOOK

A thin-walled cylindrical pressure vessel contains gas at a pressure of 100 MPa. During the
initial pressurization of the vessel, the axial and tangential strains were measured on the inside
surface as &x = 500x10° and &, = 750x10°, respectively. Calculate a) the axia and hoop
stresses associated with these strains. Assume that an undetected internal semi-elliptical surface
crack (a = 1 mm deep and 4 mm long) grows 0.5 mm/year and that the pressure remains
constant. b) Deduce whether or not the vessel will fracture by calculating the applied stress
intensity factor using the constant hoop stress (tangential stress) and c) if the vessal will not
fracture, then calculate the timeit takes for such unpleasant occurrence.

Note: Only the shape factor should be used to
correct the stress intensity factor K.

lB
m A 5! A Given data: ©ys = 600 MPa
w e = K,c = 30 MPaym

=l gc ke E = 207 GPa
v=0.3
B=2cm

d=0.50m (Diameter)

19
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Solution:

a) From eq. (1.6) along with o,, = P, theinner strains are

Exx | o= V(oy +P)
_ 4 1.6
[ew} E|:GWV(GXX+P):| (16)

Solving these two equations simultaneously yields

_ L( Eoéy) L WP _ _E VP
Oxx 1-v €yy * 1+v ) 1-v 1-v2 (EXX * VEW) * 1-v @
ny = EEW + V(Gxx — P) (b)

Given data:

exx =500x10° €y =750x 107" E = 207,000 MPa
oys = 600MPa  K;c = 30 MPA/m

Thus,

207,000 MP _ _
O = > (500x 10° + (0.3) (750 x 10°°) ) — (%5 ) (100 MPa)

ox = 122.06 MPa  (Axial Stress)
oy = (207,000 MPa) (750 x 10¢) + (0.3)(122.06 MPa - 100 MPa)
oy = 161. 87 MPa (Hoop Stress or Tangential Stress)

b) ASTM E399 thickness requiremernt, eg. (3.30):

a,Bastw > 2.5x 103(32) " = 6.25 mm

B > Bastv, but a is not met for use LEFM.

The valid average tangential or hoop stress
regardless of the wall thicknessis

100x0.5x102 cm
Oav = ny’a\/ — % - = 1,250 Mpa

2x2 cm
The applied stress intensity at initial pressurization hoop stressis
E=207GPa K,c=30MPa/m v=0.3
o =oy = 161.87 MPa oy = 600 MPa
oloys = 161.87/600 = 0.26978
a=1mm 2C =4mm a/l2c = 0.25

2

0= ()34 ()] - %(2)* - 1o

7(1x10° m)
1.6134

Ki = o /ralQ = (161.87 MPa) = 7.14 MPa/m

20
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e Ihetheinttial pressurization process of the vessel will not cause
fracture because K| < Kcato = oy = 161.87 MPa.

@ Ifa = B = 20 mm (leak-before-fracturecondition), then

T X =<m)
Ki = 0y/7alQ = (161.87 MPa) ‘/% — 31. 94 MPa/m

Therefore, fracture will occur because K| = 31. 94 MPa/m > K¢

® Whenoy, = o4 fracture will occur because

| 1lx -3 I
Ki = cavymalQ = (1,250 MPa) ‘/% — 55. 16 MPa/m

Ki > K,c = 30 MPaym

c) If the tangential stress, oy, = 161. 87 MPa, is assumed constant
thoughtout the test, then the critical crack length becomes

Kic = 01/7TaC/Q
A = %(%)2 - %(103)(163;?87)2 = 17.64mm
a: 3 B=20mm

Thus, the life of the vessdl is approximetely

t = (ac — a)/(da/dt) = (17. 64 mm— 1 mm)/( 0.5 mm/year)
t = 33.28 years

This is an unredlistic result because oy = o 4y after the initial pressurization

process is completed. Consequently, the vessel fractures immediately and its
lifetime is basically t ~ O.

21
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CHAPTER 4

ELASTIC STRESSFIELD EQUATIONS

4.1 (a) Caculate K, using the singularity and non-singularity stresses for a single-edge cracked
plate having a = 4 mm, x = 0.1, and L/w > 1.5, and subjected to 300 MPa in tension. (b) Plot the
stressratio Ty/o and the biaxiality ratio  as functions of x = a/w.

Solution:

2) Single-edge Crack (SET)
e Ki = aora
PEUES L/w>15 and x=alw q
Elh o =112-02%aw)+1055(a/w)’ - 2171(a/w)’
A +3038(a/w)’

Givendata o =300 MPa, x=0.1, a=4x103m

The stress ratio

T 0 1 ; (- 0,526+ 0.641x + 0.2049x2 — 0.755x° — 0.7974x" + 0.1966x°)
(o2 —X
T

—* = -0.56688

(o}
T, = (- 0.56688)c = (— 0.56688)(300 MPa)
T, =-170.06 MPa

The biaxiality ratio

B= ﬁ(— 0.469+ 0.1414x+1.433x” + 0.0777x° —1.6195x* + 0.859%°)
—X

B =—-0.46444
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Plots:

Solution Manual

Parameter

Stressratio approach:
T —170.06 MPa
K® =—X\/7za=(—}/ (4x10°2 mi
T —o04644s N

K® =41.05 MPaym

Classical approach:

The geometry correction factor
a =1.12 - 0.23(a/w)+10.55(a/w)’ — 21.71(a/w)’ + 30.38(a/w)*

a =1.12-0.23(0.1) +10.55(0.1)" - 21.71(0.1)° + 30.38(0.1)*
o =1.1838

The stress intensity factor

K® = ao+/ma = (1.1838)(300 MPa)\/z(4x10® m)
K® =39.81MPay/m

Therefore, the T, stress approach gives slight higher values for K, .
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4.2 Using the information given in problem 4.1, calculate the stress intensity factor K, when the
stressratiois T, = 0.

Solution:
2) Single-edge Crack (SET)
A4po
<« 9
B o =1.12-0.23aw)+1055(a/w)’ - 20.71(a/w)*
A +3038(a/w)*
a=4x10"m o =300 MPa x=al/w=0.1

o =1.12-0.23x +10.55x* - 21.71x% + 30.38x*
o =1.12-0.23(0.1) +10.55(0.1)" - 21.72(0.1)* + 30.38(0.1)"
o =1.1838

K, = ac/ra = (1.1838)(300 MPa/z(4x10° m) =

K, =39.81MPay/m

4.3 Assume that a single-edge crack in a plate is loaded in tension. Derive the dominant near

crack-tip stresses in Cartesian coordinates using the Westergaard complex function

Z(z):L where K, =o+/ma

\N2nz
Solution:
Polar coordinates:

X=rcosf, y=rsing, r=,x*+y?,
1. 0. 0
—sinf =cos—sin—
2 2 2
From Euler’ s formulas,
z=re"? =r(cosf +ising)
z=r"%""? = rl’z(cosg—isingj
2 2

32| _ 3 .. 3
73203002 _ M(COS;—ISIﬁ;
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Find the derivative of the Westergaard complex function

K K K .
2(z)=—— & Z'(z2)=- ! - g8z _ | -32gi30/2
) \2nz ) 2/2r¥?  2y2n N

Using the Euler’'s formula gives the Westergaard complex function in terms of trigonometric
functions

K K ‘ K 0 .. 0
Z(z)= I — N plegriorz T I’_llz(COS——ISIn—j
&= T oz N G
Z'(Z)Z— K, p32gid0rz _ TN K| 3/2(Cos3e_isin§]
2\ 2r 2\ 2r 2 2
Thereal and imaginary parts of the trigonometric functions are
K 0 K . 0
ReZ(z)=—=r"?cos— ImZ(z)=——r"?sin—
(@)= e0s B
K 30 K . 30
ReZ'(z)=———==r¥?cos= ImZ'(z)=+—=r"%?sin=
) NP 2 ) NP

From eg. 4.11), the stress in the x-direction becomes

K 30
o,=ReZ(z)-yimzZ'(z)=—==r" cos —(rsing r¥?g n—j
(&-yimz (@)=L fhereean®
K, 1,2( 0 1. .39} KI 1,2( 0 .0 0. 39}
o, =——=r"? cos~—-=sinfsin—- | = —=r"?| cos——sin—cos—sin—
\ 21 2 2 2 N 21 2 2 2 2
o, = K, cosg(l—singsinﬁj
X \ 2rr 2 2 2
Similarly,
K 0 . K . 30
o,=ReZ(z)+ylmzZ'(z)=—=r"?cos—+(rsin@ —'r‘3’zsm—]
,=Re2(z)+ yimz (z)=— 7 oos? + (rsing i ro2sn
Ko o0 1. 30\ K, 4o 6 .0 0.3
o, =——r "% cos—+=singsin— |=—r Y cos_+sin—cos—sin—
\ 21 2 2 2 N2 2 2 2 2
c,= K, cosg(lqtsingsinﬁj
N 2 2
and
=—-yReZ'(z)=—(rsino K e |2 K e g c0s¥
2\/271' 2 \ 21 2 2
K 0.6 30
T, = COS—SiN—CoSs—

Yo o 2 2 2
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4.4 Consider a unit circle with its center at the origin and let function F(z)=P(z)+iQ(z) be
holomorphic inside the contour C. Also let the function F(cj ) take definite boundary values

where ¢ =€’ gives the points on C. If the boundary condition is F(¢)+F({)= f(5), then
determine the Cauchy Integral formulae and the integral for F(2).

Solution:

Multiply the equation for the boundary condition by
1 4

2ni (-2

and integrate around C to get the Cauchy Integral formulae as

1 F(¢)dg 1 FOd 2 f(6)dd
2ri Jg {-z 2ri Jc ¢~z 2n Jc ¢z

Thefirst integral is

F()dg
F(Z) 27r| c ¢z

The second integral becomes

(0) = ap—lia;
which are unknown so far. Then,

f(5)de :
F(Z) 271'| C? —do + 1A

Let z= 0 so that
a, = o [ FO% = L (")

27 Jc
The remaining work to completely solve this problem can be found in Muskhelishvili's book,
1977 published edition, page 309-311.

4.5 Show that the fundamental combination of stresses can be defined in terms of Cauchy
Integral formulae.

Gx+0y:

4 _hd 1 R 1 | h($)d¢
Cc

mide =22 w2 T -
) g hd¢ 1 hd¢ 1 hdZ
Oy 6X+2|Txy T T IC (é,_z)3 + i I (é’_z)z * miz? Jc (é/—z)z
1 hd
miz2 Je 2
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Solution:

h
J/(Z) 27Z'| Ic C—
vo- | W 1@,

Z (4.124)
h( )
a1+a_1=2—]77:_i . ég dg
_ 1 hy
A = 2ri cé’3
The resultant expressions are
ox+oy=27@+7(@] (4.953)
_ 1 h L h
B R j c @t
_ 1 hde . 1 _ f h(C)dC
mile ¢-2? A c@
oy—ox+ 2ty = 2[zy"(2) +v'(2)]
1 _hd 3 R 2@ _ 2a
c(¢-2° 7lc (-2)? z z
_ 4 _hd 1 hdf . 1 hd,  2a  2a
mle ((-2° mlc (-2 niZlc (-2 2 27
_ 1 hdd . 1 hdg L1 hdg
mide ¢-2° mlc(¢-2® iz c (-2)°
__1 [ hd
miz2 dc (?

4.6 Suppose that a plate containing a single unstressed crack (Figure 4,15) is deformed by the
unknown stresses at infinity and assume that the complex potential, f '(z): o —ir,, represents

the stress distributions across the crack contour C. (a) Determine the stress distribution ony =0
outside the crack and (b) the upper and lower boundary functions for [x| > a.

Solution:

(a) Useeq. (4.124d) for z=x+iy=xsincey =0.

o (opHitR) 2
Oy —ITxy = ——— 1_/@

In order to cover the stress distribution on the upper and lower planes the boundary function y(2)

has to be rewritten as ;( =+,/X,—a’ for x>aand x < a, respectively. Therefore, [x| > a and
the stress distribution becom%

(oy+Tyy) X|
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(b) The upper and lower boundary functions for |x <a are

1@ =y (2 =iya>-x?
sincez—a=re’ and z+ a=re"’ so that for aunit disk with z = x + iy = x

1 (2 = Jx-a)(x+a) = Jx2-a? =ijaz-x2
1 (2) = —-iya?-x2

and
1 (2 =iyaz-x?
@ if@R

4.7 Consider an infinite plate subjected to a tensile remote stress (S) normal to the direction of a
central crack. If the complex potentials for this type of crack are

y(2) = %[ZW —z}

1@ =@ - %[z—%}
Zc—a

then determine the crack tip stresses using the Westergaard stress function Z(z)=2y'(z) when

X>>a.
(7)) = S 2z _
J/(Z)_4< 2 _a2 1)
— o) = S z _
Z(z)—2y(z)—2< o 1)

! _ /_§ 1 _ Z2
Z(z) =2 = 2( [72 _ 32 (22—a2)3>

The Westergaard stress functions, eg. (3.20) or (4.11), are

Solution:

ox = ReZ-ylmZ
oy = ReZ+ylmZ
T)(y = —yRGZ,
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Aty=0andz= x+ iy= x> a, these stress functions become

aszeZ=§ —z 1 =§ X 1
22_a2 X2_a2

_ _ S X _
oy = ReZ 2( =~ 1)

Txyzo

For largez= x + iy = xsincey = 0, the elastic stresses far from the crack tip vanish when x>> a
along the x-axis. Therefore,

Ox = O
Gy = O
Txy = O

4.8 Consider the elliptical crack shown below and assume that the crack is in the z-plane where
z=¢ +a and p(z)= p(¢) Derive the stress equations using the given crack geometry and the
Westergaard complex method.

Solution:

Let us move the origin to crack tip. Then the coordinates of P can be expressed in complex
variable z=¢{ + a. Use the Westergaard complex equation so that

Z(Z) _ o _ oz
‘/1 _ (a/Z)Z 1/ZZ _ aZ
20y - oray _callrs)

JE€+22) a1+ 4)
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For |{] << q,
Z() = —oa_ _ ﬂ
©) 2 X
, a
©=- (Z);’Z
But ¢ =re® and
cJ/a cJ/a o
Z(r,0) ST @en® (2r)3’2 012
Z(r,0) = ‘/_ (cos— —idgn 2)
! 0-1/5 G\/_ |
Z(r,0) = e = (2r)3’2 13012
: o/a
Z(r,0) = 2T = (2 e (Cos— —isn 329>
Then,
oy = ReZ+ylmZ
oy = ﬂcosQ(1+sianinﬁ>
Yoo 2 27 2
and

a . .
Ox = icos%(l—smism&>

o 2 1
oJa 0 <30

Cos-2 sin-2 SN~

Txymzzz

4.9 Assume that an infinite plate contains a through-central crack along the x-axis. If the plate is
subjected to a remote or infinite stress loading condition, o, =0y =S, o) =7, =0, then use
the Sanford [54] modified Irwin-Sih complex potential

2y'(2) = 22 -y (2)

Here, y'(z2) may be defined by a Cauchy integral, Z(2) is the Westergaard complex function,
w*(2) is a complex polynomia and z is the complex variable define as z= x + iy. Based on this

information, determine a function for the stress intensity factor K, and expand y*(2) when n = 0
and 1, and z = a, half the crack length.
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Solution:

The Westergaard complex function and the complex polynomial are

K|
J2ornz

m
1//*(2) — anZrIIZ
n=0

Z(2) =

The given complex function yields

= = [ @+ X ez ]

Forn=0andland z= g,
K, = J2ra[2y'(2) + bo + b17Y2]

10
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CHAPTER 5

CRACK TIP PLASTICITY

5.1 Use the inequality K. > K, as a criterion for crack instability where K, is defined by

Irwin's plastic zone corrected expression for afinite size, to determine if a steel pressure vessel
is susceptible to explode under o =200 MPa hoop stress. The vessd contains an internal

circular crack perpendicular to the hoop stress. If K. =60 MPax/m, o, =700 MPa, and the

crack size is 20 mm, (a) determine the ASTM E399 thickness requirement and the minimum
thickness to be used to prevent explosion, (b) Will crack propagation occur at 200 MPa? (c) Plot
B (thickness) vs. o/c for a = 10, 20, and 30 mm, and (d) Will the pressure vessel explode

when the crack size is 30 mm? Why? or Why not? and €) When will the pressure vessel
explode?

Solution:

(a) From eq. (5.12) dlong with o ==,
T

KI = ao'\/7[a|;|.+ OS(O'/O_ys)ZJ

Let K,. >K, sothat

Thus,

2
B 22.5[@
Oys Actual
2
ao.mall+0.5(c /o, )? 2 2
BASTM > 2. \/ l ( YS) J =2. 7[&062 i ].-f—E i
Oys O s 2\ 0
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If the equality is used, then B,g,, = B, iSthe minimum thickness required by the ASTM E399
standard testing method. ~Substituting values, such as o /o, =0.285714, a = 20 mm, and
a =2/ 7 inthe derived thickness expression, yields B,g,, = B,;, =5.41mm.

(b) K, zaa\/na[l+ 0.5((0/0ys)2j =32.56 MPa/m. Therefore, crack propagation will not
occur because K, <K .. Inthis case, the crack is stable.

(c) Plot

B > 2.5{a0-\/ﬂa|-1+ 0.5(0/0),3)2J J

2 2
B, >25 maa? -2 | |1+3] =
Oy 2\ 0y

BASTM

(d) It will not explode since K, :ao\/nac[h 0.5((0'/0'ys)2j ~ 40 MPav/m and K, <K .

(e Using K, :aa\/ﬂacll+ 0.5((a/ays)2J yields the critical or maximum crack size as
a, =67.91mm. Therefore, the pressure vessel will explodewhen a=a, =67.91mm



Chapter 5 Fracture Mechanics, 2™ ed. (2015) Solution Manual

5.2 A project was carried out to measure the eastic-strain energy release rate as a function of
normalized stress (a/oys)of large plates made out a hypothetical brittle solid. All specimens had

asingle-edge crack of 3-mm long. Plot the given data and do regression anaysis on this data set.
Determine (a) the maximum alowable o/o ratio for G, =30kPamand (b) K. in

MPa+/m. Given data: v=0.3, o, =900 MPa and E = 207 GPa.

clo,, 0]0.10|0.20|0.30 | 040|050 |0.60 |0.70 |0.80 |0.90
G, (kPam) | 0 | 040 | 1.70| 1.90 | 7.00 | 12.00 | 19.00 | 26.00 | 36.00 | 48.00

Solution: The required regression equation and the plot are given below and the

2 3
G,. =0.2322-7.3168 -2 |+53.4440 -2 | +14.9570 -
Oys Oys Oys

50

(kPa.m) g
207

107

T T T T
0.2 0.4 0.6 0.8 1

olo
(a) Combining egs. (3.5) and (5.12) yields
_ naz(l—vz)aﬁys(a /Gys)2[1+ O.S(G/Gys)z]
IC E
2 2 -3 2 2
o, -7112) (1-03°3x10° m90O MPa)C[1+05X°] _ ) noa 2 . o1 0oa0x
207,000 MPa

where x=0/0,=0.75 a G =30 kPam

(b) The fracture stress and the plane strain fracture toughness

o =(0.75)(900 MPa) = 675 MPa

K _ \/EGlC B \/(207,000 MPa)(0.03 MPa.m)
V1 1-0.3?

—82.61 MPa/m
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5.3 Determine the critical crack length of problem 5.2.

Solution:

olo 0|0.10(020|030|040|050 |[0.60 |0.70 |0.80 |0.90
G, (kPam) | 0040 1.70 | 1.90 | 7.00 | 12.00 | 19.00 | 26.00 | 36.00 | 48.00

50

(kPa m) 30
207

107

0‘.2 0‘.4 0‘.6 0‘.8 1
olo
Combining egs. (3.5) and (5.12) yields

B 71'0!2(1— v? )aays(a /Gys)2 [1+ 0.5(6 /Gys)z]
IC —
E
_ 7(1.12)(1-0.3°)|3x10° m)900 MPa)x*[L+ 0.5x°]
B 207,000 MPa B

G 42.098x2 + 21.094x"

where x=c/o0,=0.75 a G, =30kPam The fracture stress and the plane strain fracture
toughness

o =(0.75)(900 MPa) = 675 MPa

K - \/EGlC ~ \/(207,000 MPa)(0.03 MPa.m)
N1 1-0.3?

—82.61MPaym

Thus,

Kic=0ao_ |3

C

2 2
a, =1(&] 108 2| | =L B2B0MPavm |y, 50 757 ]" = 3mm
c 7| (1.12)675MPa)
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5.4 A large brittle plate containing a central crack 4-mm long is subjected to a tensile stress of

800 MPa. The materia has Kic = 80 MPaym, ays = 1200 MPa and v = 0.30. Calculate (a) the
applied K|, (b) the plastic zone size using the Von Mises yield criterion and prove that r = rya
wheno =0,. Consider al caculations for plane stress and plane strain conditions, and (c) draw
the entire plastic zone contour where the crack tip is the origin of the coordinates.

Solution:

(@) K, =ac+7a = (800 MPa)y/7(2x10>m) = 63.41MPaym with o = f (a/w) =1

The crack is stable since K| < K|c.

(b) From eqg. (5.52),

K,? . 1  For planestress
r=—o: 2Fsm20+h(1+c030)} h= ) P _
4no 7|2 (1-2v)* For planestrain
If 6=0,then
hK, 2 0.44 mm planestress
r= s andr = _
270 s 0.07 mm planestrain

Using eg. (5.52) yields

2
a LK sin@[3cosé — h|
o0 ZGYS

For maximum K, and critical plastic zonesizer = rq, let %:O S0 that

sind,_[3cosd, —h]=0

cosO, = h
3

(o]

70.53° For planestress
86.94° For planestrain

Thus,
2 . 0.59 mm For plane stress
r. = K, 2F5|n26>o+h(1+ coseo)}z P _
4ro 0.37 mm  For planestrain
Furthermore,
a__K ~sing[3cosd - h|
00 Ao
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2 2 2
4 2: K, 2[30059—35in29—hcose]= K,
a0 4rno 4ro
o%r

~ |-044mm planestress
0%, ~ |-0.63mm planestrain

[(3=h)coso —3sin? 6]

2

2
Therefore, r = rpayat 0, Since %< 0 in both cases.

. . K,? .
(c) The contours in polar coordinates areasper r = 5 Fsm2 0+ h(1+ cos@)}

Crack Tip 2]
N
" ~——————————>¢ (Radians)

=

Plane Srain

Plane stress

5.5 (a) Usethe data givenin Example 3.3 for a pressure vessel containing a semi-elliptical crack
(Figure 3.6) to calculate Irwin’s and Dugdale’s (a) plastic zones, (b) K, using Kabayashi’s finite
size correction factor (o) and plasticity correction factor. (¢) Compare results and determine the
percent error against each case. (d) Isit necessary to include a plastic correction factor? Explain.

Solution:

Data from Example 3.3:
a=3mm, 2c = 10 mm, B= 6 mm, o =420 MPa, o =700 MPa, a/(2c) = 0.30, a/B = 0.50,

K,c =60 MPaym, o /o =060, M= 1, M= 1.12,and Q= 1.70.
The correction factor and the stress intensity factor are, respectively

a =112M,M /,/Q =0.127
K, =ao.ma =5.18 MPa/m
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Comparison:
(a) Irwin’s Approach: Dugdal€'s Approach:
a =112M,M /,/Q =0.127 a =112M,M /,/Q =0.127
a a
r= E(O_/O_ys)z =054mm Eg. (5.13) r= E(ﬂg / Zays)z =1.33mm Eq. (5.24)

(b) Using afinite correction factor

K, =acr(a+r) K, =acr(a+r)

_ —
K, =acmall+050 /0, f| Eq. (512 K, =ac_|ma 1+0.5 2”—6 Eq.(5.25)

) . (o)

ys
_ —

K, zaa\/ﬂa1+ O.S(G/Gys)z K, =aoc_|[ra]1+ 0.9 o

- . ZGys
K, (Irwin's) = 5.63 MPay/m K, (Dugdale's) = 6.22 MPav/m
Comparisons:

K, (eg.3.29) =5.18 MPay/m < K, (Irwin's) < K, (Dugdale's) = 6.22 MPay/m

Dugdale’'s- Irwin's  Error =100%(6.22 —5.63) /5.63 ~ 10.48%
Irwin's-eq. (3.29)  Error =100%(5.63—5.18)/5.18 ~ 8.69%
Dugdal€e's- eq. (3.29) Error =100%(6.22—5.18)/5.18 ~ 20.08%

Observe that eq. (3.29) does not include plasticity correction and it yields a smaller value than
both Dugdales's and Irwin’s expressions. The latter expression gives an error of 26.5%, which is
dlightly large. On the other hand, 8.3% error seems to be more acceptable for comparison
purposes. Thisimpliesthat a plastic zone correction may not be necessary.

(c) Using Irwin’s approach yields a plastic zone of 0.54 mm for one side of the semi-ellipse and
as a result, r << a and the plastic zone size could have been excluded. On the other hand,
Dugdal€e's approach gives a plastic zone of 1.33 mm, which is large enough to be excluded,
therefore, aplasticity correction is needed to obtain more a accurate K;- result.
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5.6 A 50- mm thick pressure vessdl is to support a hoop stress of 300 MPa at room temperature
under no action of corrosive agents. Assume that a semi-elliptical crack (Figure 3.6) is likely to
develop on the inner surface with the mgjor axis 2c = 40 mm and semi-minor axisa = 10 mm. A
300-M steel, which is normally used for airplane landing gear, is to be considered. Will crack
propagation occur at 300 MPa hoop stress? Make sure you include the Irwin’'s plastic zone
correction in your calculations and explain if it is necessary to do so. Use the data below and
select the suitable tempered stedl.

o] K

300-M Stedl ¥ ©
(MPa) (MPa,/m)

650° Temper | 1070 152

300° Temper | 1740 65

Solution:

a=10mm, 2c =40 mm, B =50 mm, a/2c = 0.25, a/B =0.20

Mg =1.02 (From Figure 3.6b)

a=112M,/,/Q sinceM <0.5 [lower limit according to eg. (3.46)]

From eg. (3.42),
Q=02-0212c /0 )
nl2 C2 _a.2 nl2
= j \/1—( . jsinzp dp = j,/1—0.75sjn2 p -dp
0 c 0
® =0.13169 (From aTable of Elliptic Integral of the Second Kind)

Thus,
K, =ao|majl+ 050 /o, ) |
a
r= E(G/Gys)z
300-M Steel (650° C Temper) 300-M Steel (300° C Temper)
0'/0'y3=0.28 0'/0'y3=0.17
Q=172 Q=167
a =087 a =0.88
K, = 47.16 MPaym < K K, =47.13MPay/m <K
r=0.39 mm r=0.15mm
r<<a=10mm r<<a=10mm

These results are similar and crack propagation will not occur since both steels have K| < Kc.
Select 300-M Steel (650° C Temper) sinceit has alarger K, value. The plastic zone correction
was not necessary. Thus, K, = ao/ma = 46.26 MPaym<K,.. Both steels can be used for
the sought application. In fact, the calculated K, values are similar for both steels. Thisis purely
accidental. Anyway, the plastically corrected K, values are approximately 2% higher.
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5.7 If localized plasticity is to be considered, explain the physical meaning of the following

2
inequality 89

>5t0ys.

Solution:
If the applied stress (o) is unchanged, but causes crack growth, then 5,0 is constant since

o, =congtant and o, =4,.. In this case, the crack length is the only changing variable that
increases; therefore, the inequality holds.

5.8 Show that r =6, /(ne ), wWhere r is the plastic zone due to dislocation networks within the
plastic zone area ahead of the crack tip.

Solution:
K? ° K * e K ?
oE Eys o 2z | o,
Thus, r =——.
gys

5.9 Show that o, /¢, = (KI / ays)z and give areasonable interpretation of this equality.

Solution: Apparently, &, /¢ is related to the crack size [6, /¢, o« a] since (K, /ays)2 is

associated with the plastic zone [r o« (K, /ays)z]. Therefore, 1 o« 6, /¢,. Here oc means
“proportional.”

510 A large plate containing a through-the-thickness central crack of 2a. =20 mm has
E=207GPa, o, =1275MPa,and &, =9.47 um at service temperature. Determine (a) the

plane strain fracture toughness, (b) the design stress intensity factor for a safety factor (SF) of 2,
(c) the critical fracture stress, and (d) the design service stress.

Solution:
2
(@ &, _ Kie (© o.=K,/{ma, =282MPa
GYSE
K, =50 MPa/m d) o, =0,/ SF =141 MPa
(b) K, =%= 25 MPa\/m
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5.11 Predict 5, for glassusing & =%\/a2 —x?

Solution: Glass is a brittle material and there is no need for plasticity correction; therefore,
0,=0 @x=a

5.12 Develop a 6, —expression for a von Mises material. Compare it with 6, for a Tresca
material under plane strain condition. Assume that crack growth occurs along the crack plane.

Solution:
von Mises §, —expression: Tresca o, —expression:
From eg. (5.53), From eg. (5.59) with 6 =0,
2 2
rth'2 and 6I=K'\/F r= K'2 and 6I=K'\/F
270 Ev2r 2716 Ev2r
12,2 2
5, (von Mises) = K, 5,(Tresca) = K,
2o, 2rEo

Combining &, (Mises) and 5, (Tresca) yields

5,(Mises) =h"'?5, (Tresca)

5, (Mises) = (1- 2v)5, (Tresca)

For Poisson'sratio v <1, §,(Mises)< 5, (Tresca) because r"'= <r

Tresca

5.13 A materia has E=70GPa, o, =500 MPa and v=1/3. It has to be used as a plate in a

large structure. Non-destructive evaluation detects a central crack of 50 mm long. If the
displacement at fracture is 0.007 mm and the plate width is three times the thickness, calculate
(a) the crack tip opening displacement, (b) the plane strain fracture toughness, (c) the plane
strain energy release rate, (d) the plate thickness and (€) What' s the safety factor being indirectly
included in this elastic-plastic fracture mechanics approach? Assume plane strain conditions as
per eg. (5.49) and afracture load of 200 kN.

Solution:

Given data:
a=25mm, u, =0.007mm, g=3 and v=1/3. o =500 MPa, P=200kN and E = 70 GPa .

(@) 5, =2u, =0.014mm=1.40x10"° m

(b) From eq. (5.49) with 1 = \/3=1.7321, which is defined below eg. (5.5), the plane strain
fracture toughness (K. ), asper Irwin’'smodel, is

10
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K= % JmAs Eo, = %J 7(v/3)1.40x10°° m|70x10° MPa)(500 MPa) = 25.82 MPa./m

_(1-V)KZ _ (1-1/9)25.82 MPaym

- —8.46 kJ /m’
E 70x10° MPa

C5IC

P P

C

wB  3B2

©) o, =K, //Jma=9213MPaym and o, =

B= |2t = 200KN 26,90 mm and w= 3B = 80.70 mm (Width)
30, V(3)92.13x0° kN/m? )

(d) SF =0, /0, =500/92.13=5.43

5.14 Repeat problem 5.13 using eg. (5.41). Compare results.

Solution:
Datac a=25mm, u, =0.007mm, g =3 and v=1/3.

o, =500 MPa, P=200kN, E=70GPa and §, =24, =0.014mm=1.4x10° m
Kk =3—-4v=5/3 For plane strain

(k +DA+V)Ke _ 8K

a) O¢=
@0 4nEc 9o,
975 E E 3
o \/ 6 ,Eoy \/(97;)(1.4x10 m)70x10° MPa)500 MPa) _ . o\ i I
8 8
(1-V)KZ _ (1-1/9)41.61MPay/m)
(b) G,. = c _ . =0.022MJ/m? =22k /m?
E 70x10° MPa
© o, =R _ (4161 MPay/m) _ 14848 MPa
Jma  [(r)25x10° m)
PC PC
o, = =
wB 3B?
Bo | e - 200 k3N — =21.19mm and w= 3B = 63.57 mm (Width)
30, |(3)148.48x10° kN/m? )
(@2
(d) SF=—= =337
Problem 5.13 K, =41.61 MPa\/E o, =14848 MPa | B=21.19mm S=5.43

Problem 5.14 K, =25.82MPaJ/m | 0, =9213MPa | B=26.90mm S =337

11
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5.15 A hypothetical large metallic plate containing a 10-mm centra crack is 30-mm wide and 5-
mm thick and mechanicaly loaded in tension. This plate has E =69 GPa, o, =500 MPa,

v=1/3, and ¢ =0.3% (plane stress strain). Determine (a) o,, (b) G, and c) o as per Irwin,
Dugdale, Burdekin, Rice, and Average equations, and compare the results.

Solution:

Daa w=30mm, B=5mm, v=1/3, a=5mm, ¢ = 0.3%, ays=500MPa, E = 69 GPa
Calculations:

§ = Be =(5mm)0.003)=0.015mm  and K, = o+/ma
G, =60, = (1.5x10° m[500 MPa) = 0.0075 MMPa = 7.5 = k / n?

(&) In generdl,
2 2 5 E
d, - N _ane and o =,|— O-ys
EO'ys EO'ys
S.E 3
wineq 531 o = \/ Ec,.  [(0.015mm) 69x10 MPa)(500 MPa) _ - 161MPa
4a (4)(5mm)
S5.E 3
Dugdde-eg, (532): o \/ Eo . [(0.015 mm)69x10° MPa)500 MPa) _ - 128 MPa
2na (27 )5 mm)
S5.E 3
Burdekin—eq. (5.40): \/ Eoy, _ (0015 mm)(GQXlo MPaS00 MPa) _ 1) 11
na (7 )(5 mm)
S5.E 3
Rice-eq. (5.41): \/ t : \/ (0015 mm)(69x;(:nrrl:;lPaX500 MP2) - 325 MPa

Rice equation yields o(Rice)= 2o (Irwin).

12
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5.16 Determine (a) the critical crack tip opening displacement (5, ), (b) the plastic zone size
(r) and (c) the fracture stress (o) for alarge aluminum alloy plate containing a central crack of
5-mm long. Use the data given below and assume that plane strain conditions exist. Data:
K,c =25MPa/m, o, =500 MPa, and E = 70 GPa.

Solution:

(a) From eg. (5.40),

s Kb (25 MPaymY

° Eo, (70x10°)500 MPa)

ys
(b) For plane strain condition,

=0.018 mm

1 (K,CJz_i(zsmpa\/E i

=0.13mm
67r 6z | 500 MPa
From eqg. (3.24),

Ke  25MPa/m

* @ 2540 m)

=282 MPa

o

2
5.17 Show that 6 =9, 1+(8£] 52 for plane stress conditions, where § is the crack
ac

opening displacement (COD) and o6, is the crack tip opening displacement (CTOD).
Schematically, plot § = f(5,) for various ¢ and fixed a vaues.

Solution:

From eqg. (5.24), From eq. (5.233),

5, = %Jzar (5.30) 5= %\/(a2 frfox? (5.29)
2

2ar = (Eé] (@ 5:%Ja2+2ar+r2—x2 (d)

e
r’= 2)(

J (b) If a=x, then ©

J () 5:%\/2ar+r2 ()

13
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Inserting egs. (b) and (c) into (f) yields
5% (Ej}u 1 (5)“5;
E 4o (2a)® \ 40

E Vg

o ()

2
0 =0,,/1+ [ij 5;
8aoc

Theplotis

Increasing o
a=a, = fixed

5.18 If the plane strain fracture toughness (K,c) and the yield strength (Llys) of a 12-mm thick
C(T) steel specimen are 71 MPam®? and 1,896 MPa, respectively, determine (a) the validity of
the fracture mechanics tension test as per ASTM E399 for the plate containing a single-edge
crack of 10-mm long at fracture, (b) the fracture stress if the plate is 20-mm wide, (c) the critical
crack tip opening displacement, (d) the plastic zone size, and (€) interpret the results with regard
to plane strain condition. Use a Poisson's ratio of 1/3 and assume that the elastic modulus of the
steel 207 GPa.

Solution:

Given data:
Ky =71 MPagm,o,, = 1,896 MPa, B = 12 mm
E = 207,000 MPa,v=1/3,a= 10mm,w = 20 mm, a/'w = 0.5

14
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() Using eg. (3.5) yields the critical stressintensity factor

K2 1 —v3HK2
GIC= i ( ) i

(1-1/9)(71 MPagym )

E' E

207,000 MPa

G =2.1647 x 1072 MPa.m ~ 21.65 kPa.m

G = 21.65 kJim*

The minimum size requirements can be computed using eg. (3.30). Thus,

Kic )2
armna-Brrm ol 25( O ys

_ o Ko
amm:Bmm 25( O_ys —1,896MP¢1

2
) _ 2_5(71Mpaﬁ

2
) = 3.51 mm

Therefore, the test is vaid because a,B(10,12)>a,,B,,,(3.51)mm and a/w= 0.5 is within the

0.2<a/w<1 valid range. So proceed with the required calculations.

(b) The fracture stress is determined from eq. (3.29) along with 0=9.6591 since a/w=0.5 (Consult

Table 3.1).
a = ﬁ(o.s&s +4.64x — 13.32x2 + 14.72x% — 5.60x%)
—X
a = 9.6591
Thus,
K;C = acrf,/ﬁ
K 71 MPa jm

O'f= =
a/md  (9.6591) [r(10x10~7 m)

07 =41.47T MPa < 0y

(c) The crack-tip opening displacement is calculated using Rice's equation, eg. (5.41), with

x =3-4v=>5/3 and (x +1)1+v)=32/9.

(x+ 1)1 +v)K%
A Eo s

37 (71 MPa jm )’
367 (207,000 MPa)(1,896 MPa)

(536 =

= 3.63 um

to =

15
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(d) The plastic zone can be calculated using eq. (5.53) aong with the constant h = (1 - 2v)? = 1/9

_ _h ch)2_ 1 _{ 71 MPajm :
"2\ 0 ) T T8x \ 1,896 MPa
r=27.80 um

(e) The above results suggests that the plate met the ASTM E399 size requirements because
a,B>a,,,B,, and 0.2<a/w<1. The C(T) specimen breaks in a brittle manner because both
the plastic zone size and the crack-tip opening displacement are very small.

5.19 Assume that isotropic solid material having a single-edge crack is subjected to a remote
tensile stress at room temperature. Let the properties of the material be o =500 MPa,

Poisson’s ratio v=1/3 and E=72MPa. Let the applied stress intensity factor for mode |
loading be K, =20 MPa+/m. Excluding microstructural details and microscale defects, use the
Tresca yielding criterion to derive (a) an expression for the critical plastic zone angle (6, ) and its
magnitude when minimum principal stresses are equa (o, = o), (b) determine when o, =0,
and o, = o, by knowing the value of 6, (c) the plastic zonesize a 6, and K, = 20 MPay/m.

The Tresca yielding criterion is based on the maximum shear stress reaching a critical or failure
level. Hence, the definition of the maximum shear stressfor thiscriterionis

Tmax = O'S(Gmax ~O'pmin ) = Osays

Here o, and o, are principa stresses and o is the monotonic tensile yield strength of a
solid materia. Let o, =0, and o,,, =0, Of O, =O,.

Solution:

Needed equations for solving the problem. The principal stresses are

- K O in 8
o1 5 COS 5 (1 sin 5 ) 5.47 |
- K 0,8
o2 = L cosg (1-sn2) 5.48 |
o3=0___ For plane stress
2vK; ¢} .
03 = ———-COSA_..._. For plane strain 5.50 |
J2mr 2

16
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01 = 0. For plane stress 5.57
01 — 03 = 0,,___For plane strain 5.58
01— 03 = 0,,___For plane strain 5.59

(a) The expression for the critical plastic zone angle (6, ). For plane strain and 6, =6 conditions,

02 = 03
'rj 87 8y _ 2vK; qﬁ
COos (1 sin 7 5o cos 5
1 —sin % = 2v
6. = 2arcsin(1 — 2v)
If v=1/3, then
6. = (2)arcsin(l —2/3) = 0.67967 rad.
0. = 38.942¢°

and the minimum principal stresses become
, = K cosﬁ(l—sine—)
J2mr 2 2

oy = (”0)[ ( 894’7)][ _Hm(33 94*)]= 5.}15

J’

os = K1 0. _ (23)20) S(38.942)= 5.015
2rr 2 J2nr Jr

(b) The minimum stresses. Let's calculate the valuesof o, and o, a 6 <6, and 6 > 6..

For 0 <6, =0.67967 rad = 38.942°, say 6 = 35° sothat

o) = J%CO”Q(I “mﬁ)

oy = jg I:co (35 )][1_31'11(%)] _ 5.‘23?21

3)(”0) 35 ) _ 5. 073
gﬁ.’?‘

g3 =

]

For 6 = 20°,

17
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02 = i; g(l smE
- = -=(3)]- 7
03 = 2vE1 cos &
S 2
os = (2;-’32)50) COS(%) _ 55?38

Therefore, the calculated values of the principal stress o, and o, a 6 <6, and fixed /r
indicatethat o, = o,.

For 0 >0, =0.67967 rad = 38.942°, say 6 = 40° so that

o = Lcosﬁ(l sm—)
2 2

- ol -n($)]- 42

2
2vK
L cos 1)

_J— :
o3 = 2‘/;7)005(%)= 4.5'?98

/‘_'\

/_'\
l\J

For 0 =60°,

= K O _inl
02 mcosz(l sm,j)

02 = % [003(620 )][1 —sin(%)] _ 3.;1?55

K
o3 = 2vKs cosg

2mr &

(2/3)(20) 60 _ 4.607
g3 = T cos( 2 )_ ﬁ

Therefore, the calculated values of the principal stress o, and o, a 6>6, and fixed Jr
indicatethat o, =0o,.

18
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(c) The plastic zone sizes for plane stress and plane strain at 6, = 38.942° are

7(eq.5.60) = ﬁ(é‘; )2[(005 e—f)o + sinﬁ) ]2
r(eq..5.60) = 1 500 ) {cos( 38. 94’) )[1 + sm( 38. 94? )]}

r(eq..5.560) = 4.02 x 107" m ~ 0.40_?}2:?1__(Plane_stress_at_@C)

r(eq.5.61) = L(%).(Zcos % sin %)-

2

r(eq.5.61) = Lﬁ 5”000 )E(ZCOS( 38.2942 )Sm( 38.2942 ))
r(eq.5.61) = 1.00 x 10~*.m ~ 0.10.mm._(Plane strain at 6,)
( ) cos2 & (1 2v+sin & )

(o

500 I:cos 38. 94”")][1—2;-"3+sin(38';?42)]2

x 107 .m ~ 0.10.mm__(Plane_strain at.6,)

r(eq..5.62) =

L

2r

r(eq..5.62) = %
1.00

r(eq.5.62) =

Asexpected, r for plane stressis greater than that for plane strain.

19
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5.20 Consider a ductile steel plate containing a 50-mm through-thickness central crack subjected
to a remote tensile stress of 40 MPa. If the yield strength of the steel is 300 MPa, then calculate
K, as per LEFM, Irwin’s approximation and the Dugdale's strip yield criterion. Compare
results. Repesat all calculations for 290 M Pa remote stress. Explain.

Solution:

Given data ¢ =40 MPa and Oy = 300 MPa

LEFM: K, =o/ma=(40 MPa)\/ n(S—Zoj(lo*" m) =11.21 MPaym

" (40 MPa)\/ n(Szoj(lo_S m)
. J1-05(c /o, ] ~ J1-05(40/300F

ovma (40 'V'Pa)\/ ﬂ(szoj(lo-ﬁ‘ m)
ootz TPl

These results are similar. However, if o =290 MPa, then K|

—11.26 MPam

Irwin's; K

Dugdale's: K, = =11.25 MPay/m

LEFM: K, =81.27 MPay/m
I'win's. K, =115.18 MPay/m
Dugdale's: K, =130.01MPavm

Therefore, K, values are dubious. See Figure 5.4 for comparing Irwin's and Dugdale's
approximation schemes.

20



Chapter 5 Fracture Mechanics, 2™ ed. (2015) Solution Manual

5.21 A single-edge SE(B) specimen with B = 20 mm, w = 40 mm is used to determine the critical
CTOD 6,.and J,.. See Example 5.4 for the specimen configuration and the |oad-displacement

plot. Assume plane strain conditions and let

P =38kN, o, =800 MPa, E=207GPa, V=03, K =60MPa/m
B=20mm w=40mm; 6p:1.00mm;8:150mm; z=15mm;, a=12mm

Solution:
From Example 5.4,
P
| L | Pma.}.
I 1 I Load P
(kN)
w N
24 (1 ]
21 E —s P2
S 01 }

o, o,

g e
Displacement g (mm)

The geometry correction factor « :

x=al/w=12/40=0.3

_3x"21.99- x(1-x)2.15-3.93x+ 27X ]
- 2(1+ 2x)(1- x)*?

_303"*1L.99-(0:3f1-03)2.15-3.930.3)+ 2.7(0.3F |

=1.5212
2(1+2*0.3)1-0.3"°
The applied stress intensity factor as per LEFM is
-3
_ P S _ (15212)(38000 NJI50X0° m) _ oy 1o 1o I

" Bw? (20x10° m)40x10° mf"?

Then, CTOD becomes

5o _ (419 mPayimf 8.866x10° m~ 0.009 mm
“ mo,E (2)(800MPa)207000 MPa)
0.44w-al, (0.44)(40 mm—12 mm)(Lmm)

=0.47715mm

® " 044w-a)+a+z (0.44)40 mm-12 mm)+12 mm+1.5mm
S, = 5o + 5, = 0.008866+ 0.47715~ 4.78 mm

Thus, the Jintegral is
J,c = Mo, 3, = (2)(800 MPa)(4.78x10° m)=7.65 MPam= 7.65MN/n

21
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CHAPTER 6

THE ENERGY PRINCIPLE

6.1 Use Dugdale’'s model for a fully developed plane stress yielding confined to a narrow
plastic zone. Yielding is localized to a narrow size roughly equal to the sheet thickness (B). This
isafully elastic case, in which the plastic strain may be defines as ¢ = 6,/B, where &; is the crack
tip opening displacement. If the Jintegral is defined by dJ = odd, then show that

mao’c’

ans

0, =

Solution:
If the strain energy density and the J-integral at yielding are defined by
W = J.Gdé‘ = J.O'ysdé‘
0 0
J=BW=B 0. de=50,
Thus,
1=8B[ o,de= "0, d6
Solving the J-integral yields

J= E 0,45 =60

Then,

2 2
1K e, K
s _ K: _maa’o’

' Eo Eo

Here, o isacorrection factor.
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6.2 The crack tip opening displacement (5;) for perfectly plastic solution to the Dugdale model
was derived by Ricein 1966 [21] as

]

20,

where o,=0, and o = Remote tensile stress (o >o,), a=Crack size, and G = Shear
modulus. Show that the path-independent J-integral is defined by

2
J= (k+1)(1+ V)ﬂ'aG _ f(a,O')
E
Solution:
Using Taylor’s serieson sec(;w J and on log {sec( o H yields
o, 20,
g y* 5 4 y*
= and =l+—+—y +..~1+=—
Y 20, seoly) 2 24y 2

Let x =sec(y) so that

Iog(x):z[x_1 1[X_1j3+..} For x>0

_+_ -
Xx+1 3\ x+1

o~ ) =, 1 d-1 {7 ) )

2
1+ 41 4ry 44{”‘7}
2
20, ) |
2 1 2_
If 2 <1 then 4>>| 22| and log|sed 22 ||~ =| 22
o, 20, 20, 2\ 20,

2
Thus, &, ~ (k+1ac, ( 7o
221G 20,

From eqg. (6.66),
J_se _(k+Dacl( 7o\ _ (k+laro”
o 272G 8G

20,

The élastic shear modulus of elasticity is G = E . Thus, J becomes
2(1+v)
2
- (k+ 1)1+ v)rac? _ f(ao)
4E
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6.3 A bending test specimen made out of carbon steel showed a load-displacement behavior

P A = Area=10 Joules
I E=207GPa
Area |  Oys= 1,500 MPa
! B=25mm
L p=25mm
9

If the area under the P vs. 4 curveis 10 joules at the onset of crack growth, determine (a) the
fracture toughness in terms of J,. asper ASTM E-813 Standard, (b) K. and its validity as per
ASTM E399 testing method, and (c) o, [according to eg. (5.31) with A :\/5] , Eqand T .
Explain the meaning of the results.

Solution:

@ J.=2A (2)(10joules)

Bb  (25x10°m)25x10°m)

=32 kJ/m? = 32x10 " mMPa

(b) K,c =EJ,c =+/(207x10° MPa)32x10° mMPa) = 81.39 MPa/m
validity: By, >25(K,c /o, f =7.36mm=B,,, and By, > B,

Therefore, K, =81.39 MPay/m isvalid.

(c) Fromeq. (5.31),

4L (4)81.39 MPaymY — 0016mm

© mEo, (r)3)207x10° MPa)1500 MPa)

Using egs. (5.44) and (5.13) yields the fracture strain and the plastic zone size, respectively

g =t = 0016mm _ ¢ 410 or 0.064%
B 25mm

The plastic zone size:

2
1 (&J 1 (81.39 MPay/m

6r

2
=— — ~0.16 Mm<< a
6r 1500 MPa

Oys

Therefore, the material behaved in a brittle manner implying that very little plastic deformation
took place at the crack tip. These are very small values indicating that the materia is brittle and
undergoes very little plastic deformation. With regard to the critical crack tip displacement of
0.016 mm, it indicates that the crack tip displacement is very smal; that is,
My =06,./2=0.008 mm.
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64 If J, =00, isused to determine the fracture toughness, will 6, be a path-independent
entity? Explain.

Solution:
Using Dugdale’s model, Figure 5.3 and eqg. (6.33) yields

y
AP ,2:uy

Plastic Zone
~N

—>

P
‘& 2a %‘é re‘

a

A ~@ﬁ
J, _j [Wdy—ngsj
According to Figure 5.3, dy =0 from ato a+r and T= o, =0 Thus,

J, :_r”a ‘3(/1; _/137)

a ¥ Ox dx:,[:taysd(/’l; —,u;)dX:éto'ys

Therefore, both J, and o, are path-independent. Only the initial and final values of o, are
needed to solve theintegral. In fact, S, isjust an opening as well as a path-independent entity.

6.5 Assume that crack growth occurs when J, <J,., where J . =(1-v*)KZ /E. If a well-
developed plastic flow occurs, will these expressions be valid? Explain.

Solution: Itisvalid in the elastic regime where a >>r.
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6.6 A double cantilever beam (DCB) is slowly loaded in tension up 10 MN as shown
schematically below. Assume that there is no rotation at the end of the beam and that the beam is

made of isotropic steel having the following properties: K. =47 MPa/m and E = 207 GPa.
Will fracture occur?

P=10kN
By
5= 2;% a7 E::j%rpnrpn
a_)l = mm
P

Solution:

From eq. (6.42) dlong with E'= E/(1-v?) and | = Bh®/12,

_ P’ _121-v’)P?a’ _ 12(1-0.3°)10x10° MN (20x10° m)

' BE'I EB°h’® (207,000 MN /m* | 20x10"® m)’(10x10°® m)’
G, = 5.28x10° MPam

« _ [ES _ \/ (207,000 MPa)(5.28x10> MPa.m)
V1 1-0.3
I<I

= 34.66 MPa+/m

Therefore, fracture will not occur because K, = 34.66 MPa/m < K. = 47 MPa/m
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CHAPTER 7

PLASTIC FRACTURE MECHANICS

7.1 Determine (a) the Jintegral (J) and (b) the dJ/da for ahypothetical sted plate containing a
central crack of 114 mm long loaded at 276 MPa and exposed to room temperature air. What
does T; < Tr mean? Assume plane strain conditions and that the stainless steel obeys the
Ramberg-Osgood relation with curve fitting parameters such as a'=1.69 and n=5.42. Explain
the results based on the strain hardening effect. Data: E = 206,850 MPa, o, = 207 MPa,

v =0.3 and J,. =130kJ/m’. Dimensions: w=4a =228 mm, L=2w

tt1

—
2w | 2a o
>

2L

Solution:
(a) For acentral crack, use Table 3.1 for «

x=alw=57/228=0.25
o =1+ 0.5% + 20.46x* + 81.72x° = |1+ 0.5(0.25) + 20.46(0.25)" + 81.72(0.25)° =1.0635
o = Jsec[7(0.25)] =1.1892

K, zaaﬁ

The effective crack length needed for calculating K, = K, (a, ) is given below.
2 2
1)n-1\K 1)} n-1\ac 1
A iy (Ll AT R ) g (o) & o=~ -6
g (nﬂj(mlj(ao] (ﬂ](n+1j(aojae T (PIRY g

e () G

With o = /sec|7(0.25)| = 1.1892
2
8, =57mms 1 2 ( 1][ 5.42 - 1){ (1.1892)(276)} a,
1+(125.86/81.75) |\ 6\ 5.42+1 207

a, =57 mm+8.5597x10 *a,
a, =62.336 mm
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K, = ao /78, =(1.1892)(276 MPa),/z(62.336x10° m)
K, =145.25 MPa/m

The elastic Jintegral values that include the effects strain hardening is

3 - K? _(@-v)K? _ (1-0.3°)(145.25)
= E 206,850
J, =92.82 kPa.m= 92.82 ki/m?

=0.2815x102 MPa-m

Plastic Part (continued): Table 7.2 for acentral crack

&, =0,/E=0001 and ¢ =0.001

P, = 4w—a)o,//3=8L75 MN/m & P =2wo = 2(228x10° m(276 MPa)=12586 MN/m
w-—a=228-57=171mm

The Plastic zone:
2
r=r,= (Ej[ 242 1)( 14525] (10°)=17.855 mm
6 \5.42+1\ 207

From eqg. (7.25) and Table 7.1 with n = 5.42,
| =6.2511-0.29381n +1.1724x10°n* = 5.0031

n+1 542+1
J, za'aoeolnr(iJ = (1.69)(207 MPa)(0.001)(5.0031)(17.855x10°° m{%} (10°)

O,

J,=87.17 kJ/m?
Thus, eg. (7.36) gives

J=J,(a,)+J,(an)=9282kIm?*+87.17 kIm’
J=1J, =180kJ/n?

Therefore, crack grows occurs since J = 290.96 kJ/m? > J,. =130 kJ/m?
(b) Crack instability

K? =a7r(a0)2
] :K_,ZZ 1-v)K? _ r(1l-v¥)(ao)a
° E E E
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1 (n—l K, 1 (n—l ac

Y AmB \n+1) o, B)An+1/ o,

n+1

' o : 1)(n-1
Jy=d'ogl | —| =dogl,|—|—
o, B An+1

J= Je + Jp — ﬂ(l—vz)(ag)_a + a'Goé‘ol naz(%J(n_—lj(ngsa

E n+1) o,
2 2 _ n+3

N _zld=v)ao) )ao) +a'ce,l o’ 1 (—n 1) 2| >0

da E BAn+1)\ o,

dJ _ m(1-0.3)(1.1892x276 MPa)’

da 206,850 MPa

+1.69(207 M Pa)(o.001)(5.0031)(1.0635)2(Ej( 542 1}( 276
6)\5.42+1
‘;—J = 405 MPa = 405 MJ/m’
a

From eqg. (6.70), the tearing modulusis

_ E dJ _ (206,850 MPa)
 olda (207 MPa)
T, =19.55

(4.05 MPa)=19.55

Therefore, crack growth isstableif T, < T.

207

j5.42+3

Solution Manual
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7.2 Plot the given uniaxial stress-strain data for an ASTM A533B stedl at 93°C, and perform a
regression analysis based on the Ramberg-Osgood equation. A single-edge-cracked plate made
out of this stedl is loaded in tension at 93°C. Determine the total elastic-plastic Jintegra when
the applied load is o =500 MPa. Will the crack grow in a stable manner? Why? or Why not?

Assume plane strain conditions and necessary assumptions. Let a =100 mm, v = 0.30, E = 207

Solution Manual

GPa, L =3w, w=400mm, Jic =120 MPam, h =0.523 and B = 150 mm.

Strain 23 |50 |75
Stress 416 | 450 | 469 | 483 | 519 | 557
(MPa)
Solution: Single-edge cracked specimen
- L _—
o W |
O
Stress vs. Strain
g
=
&
0.65 O.‘l 0.‘15 0.‘2 0.‘25 013
Strain

Datafor plane strain condition:

o =0, =414 MPa (From the above Figure)

E = 207 GPa
J =120 MPa-m=6.8
& =500 MPa (Applied)

(From Ref. [8])

a=100mm B=150 mm
w =400 mm

L =3w=1,200 mm

b=w-a=300mm (Ligament)
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Elastic Part:

Nonlinear regression using ¢ = a'eo(ij yields ¢ =1.12 and n=9.71. From Table 7.2,

Oy

P = wo = (400x10"* m)(500 MPa) = 200 MN/m

2 1/2 100 2 1/2 100
X = 1+( a ] e 1+(—j - 100= 082137
w-—a w—a 400-100 400-a

P, = 1.455x(W— a)o, = (1.455)(082137)(300x10 ° m)(414 MPa) = 14843 MN/m

2, =(w—a)(a/w)=(400-100)(100/ 400) = 75 mm

Also, 8 =6 and 2
e G

The crack size can be calculated using
a,=a+ Wry

dmar {WM}&}(E}(%T% -ar [1+ (200/1148.43)2 }(3( g;i; ﬂ( 22?1}(&9)

a, =a+005814a,
a,=10617a

a=100mm
a, =10617(100 mm)=10617 mm

For a/w=100/400= 0.25,
a=1.12-0.23(a/w)+10.55a/w) - 21.71(a/w)’ + 30.38(a/w)" =1.5013

K, = ao/ma, = (1.5013)(500 MPa),/(r )(106.17x10* m) = 469.10 MPa/m

2 2 2 2
J=Ri S )(469130 MV o7 o tpa - 097 Mar?
E E 207x10° MPa
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Plastic part:

a, (n-1Y o) (106.17mmY 9.71-1) 500)’
r=r,=|* =1 = =21mm

B An+1) o, 6 9.71+1 )\ 414

From eg. (7.51) and Table 7.2,
h, =0523, a =112 and A, =75mm=75x10"°m

n+1
3, = a'aosoﬂ.lhl(gJ with &, = 0,/E = 0002
0

2 o O 1+9.71
J, =(1.12)(414 MPa)(0.002)(75x10°® m)(o.523)(—j

148.43
J, =089 MIn?’

Thus, the tota value of the Jintegra is

J=J.+J,=097+089=186 MJ/nf

Therefore, crack will grow because J > J,. =1.20mMPa. Stable? Unstable? Let’s find out how
the crack will grow. Let

> n+l
K, :aa\/a ; 3, :K_|2: (1—v2)K|2 _ ﬂ'a.e(l—VZXOCO') and ‘]p :alo_ogoﬂlhl(gj

E E E A
so that the total vaue of the J-integral can be computed by

2 2 n+1
J=J.+J,= ﬂa'e(l_v Xao) +a'aosoﬂlh{gj
0

E

If a,=10617a and A, = (w—a)(a/w), then

- [W}@O&h) + {aGOSOQ(EJM](W— a)a/w)

0

Thus, at constant load dJ/dais
2 2 n+1
W _ 10617 nfi-v*ao) aoehl Pl IW=2_2 1| 26MPa
0“0
da E R, w

_ E dJ_ (207x10° MPa)
clda (414 MPay

T, (26 MPa) = 31.40

Therefore, the crack will grow in astable manner T, = 31.40< T,
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7.3 Repeat Problem 7.2 using the Hollomon equation o = Ke" for the plastic region. Curve
fitting should be performed using this equation for obtaining K and n. Assume plane strain
conditions and make the necessary assumptions. Compare the result from Problem 7.2. What can
you conclude from these results? Assume a contour as shown in Figure 7.6 with y,,=70mm.

Solution: Single-edge cracked specimen

Stress vs. Strain

E 600

=

400

% 200

0 . T T T T T 1
0 0.05 0.1 0.15 0.2 0.25 0.3
Strain
Datafor plane strain condition:
0 =0, =414 MPa (From the above Figure) a =100 mm
E =207 GPa w =400 mm
v=0.30 B =150 mm
in-kips
Jc=120MPa-m=6.8 . (From Ref. [8]) L =3w=21200 mm
[

o =500 MPa (Applied) b=w-a=300mm (Ligament)

Elastic Part:

For a/w=100/400= 0.25,
a=1.12-0.23(a/w)+10.55a/w) - 21.71(a/w)’ + 30.38(a/w)" =1.5013

| = ac,[ma, = (1.5013)(500 MPa),/ (7 ){106.17x10~ m) = 469.10 MPay/m

K? _([1-v?)K? _ (1-03)46910 MPaym] _

J
= E 207x10° MPa

=097 mMPa = 097 MJ/nv
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Plastic part: Nonlinear regression using o =keg" yields k=776 MPa and n=0.103. The
plastic strain energy density can be defined using the Hollomon equation as

1/n
o =ke" and EZ(EJ
k

W, = [o-de = [ke"de k=776 MPa and n=0.103
0 0
nl 10.7087
w K gml_( k j(gj _(776MPaj 500 MPa
" n+1 n+1\ K 1.103 776 MPa

W, =635MPa=635 MJ/m?
Assume a contour as shown in Figure 7.6 with y,,=70mr so that J, = 2y,\W, as per eq. (7.43),
which represents a near-field condition. Thus,

J, = 2y,W, = (2)(70x10°® m)(6.35 MPa) = 0.89 mMPa
J, =J.+J,=097+089 =186 MPa-m= 186 MJ/m’
Crack growth occurs sinceJ > J,.. Note that if the value of y,, changes so will J andJ, .

Anyway, both problems 7.2 and 7.3 (P7.2 and P7.3) give the same result as per chosen contour
segment y,, = 70 mm; otherwise J (P7.2)= J (P7.3) or J,(P7.2)# J,(P7.3).

Then, K, =ac+/m and K2 =ra(ac )
=K_,2: n(l—vZXaa)za

J, =—!
E E
n+l
W :Lgnﬂ:(L (2 n
P n+1 n+1)\ K
n+1
n+ K o n
2=z <2l (7
e ] "
r\l-v hao ) a K o\n
J=J.+J = +2v. | — | =
'oTe T E y23(n+1j(|<j
0, _7{l-v?)e’o? _ z{l-0.3?)f1.5013x500)
da E 207x10°
dJ,

—1 =778 MPa =778 MJ/m®
da

1 _ E dy_(207a0° MPa)
’ olda (414 MPa)
Therefore, the crack will grow in astable manner T, =9.40< T,.

(7.78 MPa) = 9.40
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74 A stedl plate having a single-edge crack is loaded as shown below. Calculate (a) the load-
line displacement () and (b) the crack opening displacement (§) that corresponds to a point on
the resistance curve (not included). Assume plane strain conditions and use the following data:
v=03, h=0523 h,=193 h, =342 B=015m, w=040m, L=12mand a=0.1m

J,c =120 kJ/n?’, o =500 MPa and E = 206,850 MPa

Solution:
- L _—
- T —>
o - A
-~ la |

(8 From Table 7.2,
n+1
J, = o' Gy, (W— a)h{B]
1

PY P u,
=qa'a — sothat | — |= P
ewssn(g] v (2]t |

Eliminating P/P, yields

(n+1)/n
J, =a'ceg,(W- a)hl( Ho j

a'ag,h,

J, = M( “y jm)/n
p (a.go)lln ahs

n

My = ahs(algo )1/(n+l)(ajﬂthm

Similarly,

, 5 v
o= a'asoh{g} = ahz(algo)l/(mrl)(—g j:hlj
0 0

These are the equations to be used in this problem. However, we need the value of J, a
o =500 MPa. Let’s get.
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Datafor plane strain condition:
o =0, =414 MPa (From the above Figure)
E=207GPa v=0.30

in-kips

in?

Jo =120 MPa-m=6.8

o =500 MPa (Applied)

Elastic Part:

(From Ref. [8])

Solution Manual

a=100mm B =150 mm
w =400 mm

L =3w=1200 mm

b =w-a=300 mm (Ligament)

Nonlinear regression using ¢ = a'e{iJ yields @ =1.12 and n=9.71. From Table 7.2,

Oy

P = wo = (400x10"* m)(500 MPa) = 200 MN/m

100

2 1/2 2 1/2
w-a w-a 400-100

100

- 100=0.82137
400-a

P, = 1.455x(w— a)o, = (1.455)(0:82137)(300x10 * m)(414 MPa) = 148.43 MN/m

2, = (w-a)(a/w)=(400-100)(100/ 400)= 75 mm

Also, =6 and
r =

1

W=—o0
1+(P/R,)?

The crack size can be calculated using
a,=a+Wr,

O I 1(n_—1jgz a
AR I ETENCH 7 P D
a, =a+005814a,

a,=10617a

a=100 mm
a, =10617(100 mm)=10617 mm

et IR b SR =i B

)

+L+<

10

200/1148.43)2 }(3( g;i; ﬂ( iiij(ae)
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For a/w=100/400= 0.25,
a=1.12-0.23(a/w)+10.55a/w) - 21.71(a/w)’ + 30.38(a/w)" =1.5013

K, = ao/ma, = (1.5013)(500 MPa),/(r )(106.17x10* m) = 469.10 MPa/m

2 2 2 2
J=r b-vik:_(-o03 )(469130 MV _ o7 mpa 097 Main?
E E 207x10° MPa

J, =097 MJ/n?

From Problem 7.2,

(ae][n —1]( o jz (106.17 mmj[Q.?l— 1)( 500)2
r=r,=|2|—|—| = =21mm
B \n+1) o, 6 9.71+1)\ 414

From eg. (7.51) and Table 7.2,

P = wo = (400x10"® m)(500 MPa) = 200 MN/m
2 1/2 1 2 1/2 1
X = 1+( a ] _a 1+[&j - 10 _100- 082137
w-a w-a 400-100 400-a

P, = 1.455x(w— a)o, = (1.455)(0:82137)(300x10 * m)(414 MPa) = 148.43 MN/m

J, = (w—a)a/w)=(400-100)(100/ 400) = 75 mm
h, =0523, a =112 and A, =75mm=75x10"°m

n+1
J, = avaosoﬂlh{gJ with ¢, =0,/E =0002
0

2 O 0 1+9.71
J, =(1.12)(414 MPa)(0.002)(75x10°3 m)(0.523)(—j

148.43
J, =089 MIn7’

J=J.+J,=097 MJ/n? +0.89 MJ/m? = 1.86 MJ/n?

11
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Thus,
3 i
' /(n+1) p
=al PR

0.9066
0.89 mMPa
(414 MPa)(0.3 m)(O.SZB)}

JIS (0. 1 m)(3.42)[(1. 12)(0.002)]0-0934{

H, =3.90mm

(b) The crack opening displacement is
' P " ' 1/(n+1) ‘J p n+l
o=a'a — | =ah —
o gohz(Poj 2(0! 80) (O_oﬂth

0.9066
0.89 mMPa
(414 MPa)(0.3m)(0.523)

5=(01 m)(1.93)[(1.12)(0.002)]0'0934[

6 =2.20mm

Therefore, u,=3.90mm and & = 2.20 mm at the onset of crack growth since J,. =12 MN/m’
and crack blunting required these val ues.

7.5 Determine the strain hardening exponent (n) for a steel with ¢ ys = 400 MPa, E = 207 GPa
Assume that it obeys the Hollomon equation o, = ke". Consider the maximum plastic stress in

your calculations.

Solution:

CF O @e=¢c,=1=¢, and o, =k =700 MPa

o
@yielding, o,  =key, O, =kep,. and g = ?ys =1.93x10°°
Oy _ ke _n

inl £@= i 400
o " 700
n=—— "22= = 0.0895

Infe,,)  In(1.93x10°°)

12
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7.6 () Derive an expression for the Jintegral J /J, = f(o(c,) ratio as per Rice model. (b) Plot
the resultant expression for a remote stress to yield stress ratio range 0<o /o, <1. Here,
o, =0,. Explaintheresultant trend.

Solution:

(&) The plastic case:

e

2
J =0 5t =w|og|:sec(£Ji|
7G 2

p o
Oy

The elastic case:
3 - (k+K? _ (k+Lrac?
€ 8G 8G

2Iog{sec| o H
J 20,
L= =f(olo,)

‘]e o ?
20,

Fromtheplot, J /J, — % as o/5, — 1 since sec(z/2) >  ando — o,.

They significantly differ from each
103 4] other due to a large plasticity.
e ] Ato/o, > 08, Jp dominates.

0.2 0.4 06 08 1
o/o

13
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7.7 Caculate the total J-integral (J) for a 2024 Al-aloy plate containing a single-edge crack
under plane stress conditions. Plot b) the o = f(g)and J, = f (o). Use the following data to

carry out all calculations: a = 1.40 mm, w = 19 mm, B = 0.8 mm, L = 10 cm, o, = 64 MPa,
E=72300MPa, o' =0.35,n=5andF = 1.01 kN.

Solution:

Elastic part:
a) Thefollowing calculations are self-contained. Thus,

_ 0o _ _64 _ -4 _ _ -6 2
€0 = & 72300 8.852 x 10 A=wB = 15.20x10° m
F

1.01x10-3 MN
=L = = 66.45 MPa >
77 A T 15.20x106 m2 7%
For asingle-edge crack,
X = a/w = 1.4/19 = 0.073684

a = 1.12 - 0.23(0.073684) + 10.55(0.073684)2 — 21.71(0.073684)2 = 1.1516
a = 1.12 - 0.23x + 10.55x2 — 21. 71x3 = 1.1516
5 K panzer _ 7 40x10-3 m) (1. 1516)2(66. 45 MPa)*

E E 72,300 MPa
Je = 3.5623 x 104 MPa.m = 356.23 J/m?

Je = 356.23 J/m?

Plastic part:
From Table 7.2 and egs. (7.60),

A1 = (W—a)(@w) = (19— 1.4)(1.4/19) = 1.2968 mm

2
n= 1/1+(ﬁ)2 ~wa = V1+ <191—"11.4> - 1&‘11.4 = 0.92361

Po = 1.072n(W—a)oe = 1.072 % 0.92361 (19 — 1.4) 103 % (64) = 1.1153 MN/m
P = wo = (19 % 10-3 m)(66.45 MPa) = 1.2626 MN/m

3ra/n , 5 \l/ Py \ N+l
h = o GO (8)
4!// ll

_ _ 3n(14)/5 6645\ 51 7 11153 \ 5+1
h = 4(1)1’”(1.2968)< 64 > <1.2626> = 3.3853

From eq. (7.54a),

Jp = d'oocarihy ()™ = 0.35 % 64 x 8.852 x 104 » (1.2968  10-?) x 3.3853( 1228 ) *(10)
Jp = 183.23 J/n?

Ji = Je+Jp = 356.23 J/m? + 183.23 J/m? = 539,46 J/n?

14



Chapter 7 Fracture Mechanics, 2™ Ed. (2015) Solution Manual

(b) These results indicate that J, =0.34J and J,=0.66J. Therefore, J, > J and contributes
66% to J.

(c) The required stress-strain curve can be determined using eq. (7.30). Thus,

1/
o = o= " = (322.08 MPa) g€

80,
60,
Stressc | /
MPa
(MPe) 40+ Load Point
20,
]
0 ‘ ‘ w
0 1 2 3 4

Strain & (X10'4)

The J-integral plot aong with the load point is based on the following equation:

Ji = 2.1247 x 107262 + 1.0638 x 10~%°

200
J 1507 Loading
(In?) Point
1007
50T
O 1 % 1
0 20 40 60 80

o \vIrFd)

Thetrend of the J, = (o) resembles the trend shown in Figure 7.5.

15
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7.8 The plastic Jintegral (J,) for some configurations can be defined by J = nW/(Bb), where
W = absorbed energy, Bb = cross sectional area, b = (w — a) = ligament and n =constant. This
integral can then be separated into elastic and plastic components. For pure tension,

+J :K_|2+p_vvp

J=3,+3,
E Bb

1)

Consider a strain hardenable material and a specimen with unit thickness B. If the plastic load is
defined by P =Cuy, where C is the compliance and n is the strain hardening exponent, then the

|oad-displacement and J-P profiles are schematically shown below.

Jimit

U P Po = Piimit
Derive an expression for 7.
Solution:

The area under the curve is the strain energy density define by

(M _[He n _ n n+l _ n 1 — n
Wp_L Pd“p_jo Cupdup—n+1cup _n+1Pup since P=Cy @

Since W, isamaximum energy then P reaches P, (theload limit). Thus,

n
Wp :mpoﬂp (3)

Fromeq. (7.56), u, = a'aeohs(ij and

n PY
W, =——Pa'a — 4
p n+1 oa 8oh3(Poj ( )
Substituting this expression into the J-integral equation above yields the plastic part as
M, N PY
J =2 —Pa'agh| — 5
* Bbn+1 o °h3(PO] ®)

16
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Equate eg. (7.54) and (5) and solvefor 7,

n, n o, P | P
T ' p | = -
e o asoh{ POJ a goﬁoﬂihl( J

_n+1b’o, by
o n aPh

17
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CHAPTER 8

MIXED-MODE FRACTURE MECHANICS

8.1 A large plate (2024-0 Al-aloy) containing a central crack is subjected to a combined mode |-
Il loading. The interna stresses are oy = 138 MPa and 7y, = 103 MPa. Use the Maximum
Principal Stress Criterion (oe-criterion) to calculate the fracture toughness (Kc). Use the
following data: crack length 2a= 76 mm, v = 1/3, and E = 72,300 MPa.

Solution:

a=38mm, o= 138 MPa, =103 MPa

K, = ,vma = 47.68 MPaym
K, =7, =35.60 MPaym
K, /K, =1.3393

Using eg. (8.293) yields

_ 2
0, = —ar co{% (1— M 3 ”*8}] — _48.60°

x*+9
From eg. (8.33), From eg. (8.34),
K=K, 00530—20—3K|, 00529—20sin0—20 K = \E K, = 62.77 MPaym

K, = 72.50 MPay/m
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8.2 Repeat problem 8.1 using the Strain Energy Density Factor (S) Criterion (S-criterion).

Solution:

K, =o+/ra = 47.68 MPa/m
K, =7,V = 35.60 MPaym
K, /K, =075

Use eg. (8.53) to solve for the fracture angle

sin@,[2cosf, — k +1]K? + |[4cos? 0, — (k —1)cos, — 2K, K, —sind,[6cosh, —k+1]K2 =0
0 = -48.10°

Using Equation (8.54) yields From eg. (8.57) and (8.51),
k2= 2[4 K?+2a,K K, +a,K?] | K. =0.9045K . = 5368 MPaym
(k-1)1+v)

K, =59.35MPay/m S, =14.26 kPa-m=14.26 kJ / m?

8.3 Determine (a) theincline angle  and (b) the applied tension o in Example 8.1.

Solution:

(@) K, =c+/ma-sin?p (b) K, =c+/masin? B a=38mm

K, =c~ra-sincosp o= K'_ —= 47.68MPay'm
Jma-sin® B \[z(38x10°m)sin®(53.25°)

ﬁ:tanﬂ _ 47:68MPaym o = 214.95 MPa

K, 35.60MPaym

8 = 53.25°

8.4 Cadculate the critica stress (fracture stress) for the problem described in Problem 8.1
according to the oy - criterion. Will crack propagation take place?

Solution:

From problem 8.1 & 8.2 From Example 8.4:

B =53.25° a=38mm 0, = -48.60°
o ~ 215MPa (Applied) E = 72,300 MPa v=13
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From eqg. (8.35),

-1/2

—2b,, cos B +b,, cos’ [3]0 —g, =492 MPa

Sinﬂ\/ﬁ

where

b, = %(1+ cosh, )’ = 0.57314
by, = g(si né, )1+ cosd, )’ = —0.77635

b,, = gsin2 0,(1+ cosé, ) =1.05161

Crack propagation will not take place since ¢ <o .

8.5 Repeat problem 8.4 using the S-criterion with o = 215 MPa.

Solution:
K, =c+ra-sin? g K, =c?ma-sin* K,K, =oc2ra-sin? cosf3
K, =c~ma-sin B cosp K, =o’ra-sin? fcos? B

From eg. (8.54),
(k-1)(1+v) -1/2
/ 2
smﬁ\/_ AE [aﬂsm B +2a,,cos 3 + a,, cos’ [3]
where
1 1+ ) -6
=——|1 k- = 1 k- .84x1
e [(2+ cos@ )k — cosO)] oF [(1+ cosé )k - cos@)] = 3.84x10
1 . 1+v) . -
8, = o= Sno- [2cos6 - (k-1)] = ( oE Jsino. [2cos6 - (k- 1)] = -1.15x10"°
a, = (18+EV) [(k + 1)1 cos® )+ (1+ coso |3cosh —1)] = 5.90x10°°
Thus,
o, ~ 204 MPa

o ~ 215 MPa (Applied)

Therefore, crack propagation will occur because o > o .
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8.6 Show that the stress intensity factor is K, =+/8/11K,. when K, =2K,, and that the
Poisson’srationis v=1/3.

Solution:

From eq. (8.13) with E'= E/(1-v?) and K,, =0,

Kfcsz+MKﬁ, with K, =2K,,

EQ+v) . > (1+v) )
Efv) " T vy

R A e

1 11
K2 =|14— T |k2=| 2 |K?
- { 4(1—1/3)} ! [8} !

Thus,

Ki =K?+

Ki = K2+ S

8
K| = E'ch
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8.7 Use the experimental mixed mode fracture data or Solid A and Solid B given below to
compare the mixed mode fracture criteria discussed in this chapter. Determine which criterion is
the most suited to predict the mixed mode fracture behavior of these solids.

Solid A Solid B
Kii Ki Ky K,
(MPaym) | (MPa,/m) | (MPaym) | (MPa,/m)
0.49 0 0.42 0
0.43 0.52 0.41 0.10
0.33 1.02 0.43 0.21
0.31 1.10 0.38 0.40
0.28 1.20 0.40 0.50
0.26 1.25 0.37 0.60
0.16 1.40 0.39 0.65
0 1.50 0.37 0.80
0.31 1.20
0.27 1.26
0.20 155
0 1.65
Solution:

Plot the given data and use al possible mixed mode criteriain order to determine the most suited

criterion.

K

(MPayvm) ™|

11

0.57

0.125

0.25

K, (MPaym)
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Fromthegivendata, SolidA: K,. =150 MPaVym & K. =0.49 MPa/m
SolidB: K, =1.65MPa/m & K, =0.42 MPa/m

For Solid A,
-
K, K, 2 . K, 2 1
(MPa\/ﬁ) LSy, & K. K e
11 a”
K K 2 “'..‘
0.57 —I —+ (—”J = 1 o
KIC KIIC
0 1 1 1 %)
0 0.125 0.25 0.375 05
K, (MPaym)
For Solid B,

0 ‘0.125 0.25 ‘0.375 0.5
K, (MPaym)

2 2 2
Therefore, the criterion [KK—'J +[ Ky ] =1 fits both data sets better than KK—'+(—K” J =1

IC Inc
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8.8 A large and wide plate has a small through-the-thickness central crack as shown in the figure
below. Use the free-body diagram (FBD) to derive expressions for (a) the normal (on) and shear
() stresses and (b) the intensity factors K, and K|, as functions of £.

T FBD
o
\ ] Oy _ P
\\ o ’/ O =—
\\\ :ﬂ/// A)
. T
//Za A:L
e CoSa -
x| B
R
O‘l /I’
A, = Area

Solution:

(a) Using the FBD yields the normal and shear stresses

> F,=oyA-cA cosa =0 D> F,=tA-cAcosf =0
A _ _ _
N cosr o A, cosa =0 T s oA,cosp =0
oy =ccos’a =osin’ t = o cos(a)cos(B) = o sin(B).cosB)

(b) The stress intensity factor equations are

K,zGN\/E: K”:T\/E
K, :G\/Esmz(ﬂ) K :a\/Esin(,B)cos(ﬂ)
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8.9 Two identical cracked plates as shown in problem 8.8 are to be tested to determine K,
andK, .. The observed critical tension loads and the incline angles were 120 MPa @ o =0 and

130 MPa @a = /4, respectively. Use the equations given below to determine the fracture
toughness for mode | and I1.

2 2 2
ﬁ{KuJ 1 and (K_) (Kj 3
KIC KIIC KIC KIIC
Solution:

For case 6 =120MPa @ oo =0 and S =n/2=90°,

K, = ovmasin?(B) = (120 MPa),/z(20x10* m)(1) = 30 MPay/m
K, =omasin(s)cos(8)=0MPa/m

2
_{Klj =1 K, =K, =30MPay/m

Forcase 0 =130MPa @ o =7 /4 and B =rn/4=45",

2
K, = o+rasin?(8)= (130 MPa)y/z(20x10°® mi(%j = 16.30 MPa/m

K, =o+masin(s)cos(8)= (130 MPa),/z(20x103 m)(%}(%} = 16.30 MPay/m

2 2 2
K K
ﬁ{&} ~1 K, =30MPa/m (_'] +(_”) ~1 K, =30MPa/m
Kic Kic Kic Kic

K\ 57112
K
Kic =K, (1_K_|] Kic =K, ll(K—J ]
Ic

IC
Kc = (16.30 MPay/m L (16.30/30)° |
JKic =19.42 MPay/m

K, = (16.30 MPaym1-16.30/30) '
Kyc = 24.12 MPay/m
A

1/2

2 2
Nevertheless, the fracture criterion (ﬁj +(&J =1 gives conservative values for K,

IC

I<IIC

2
when compared to X + (&j =1
I<IC I<IIC
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CHAPTER9

FATIGUE CRACK GROWTH

da

E
9.1 Show that Paris equation can take the form N A{ O

1-v?
change of crack tip opening displacement, E isthe modulus of elasticity, and A isaconstant.

n/2
J (A5, )"?, where AS, isthe

Solution:

From eg. (7.45) or (8.10) with K = K;;; =0

2 22
;_Ki :(1 V2K K - EJ2 AK = EAJ2
E' E 1-v 1-v

Substituting AK into Paris expression, eg. (9.6) yields

da . [EAJ |

—=AlAK)" =

dN AAK) A{ 1-v? }

From eg. (6.66), J =06, and AJ =5 (A6, . Thus,

da EGys " n/2
d_N = 1— V2 (A5x)

da n A o H
9.2 Sh that — =C(4K,_)", wh C=———— d AK_=K__(1-R
(@ Show N (4K,)", where R an =K ([1-R) is
da da

Walker's effective stress intensity factor range. (b) Plotm =C(AK)" and N A(AK)" for a

4340 steel having o, =1254 MPa, o, =1296 MPa, K. =130 MPaym, a =042, n=3.24,
R=0.7, and A=5.11x10™"..

Solution

(@ AK, =K, (1-R)"
R: Kmin _ Kmax - Kmax + Kmin — KmBX _AK :1_£
K K K

max max max max
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AK =K, (1-R)
. AK
max 1_ R

Then,
AK

Z&k(e ::———————7Ef— Eﬂ1d
1-R)™

da B n o AK " _ A n
d_N_A(AKe) Tl R)l‘“} T (1- R)““-a’[AK]

where
A

C:W For R#1

Thus,

da n
— =C(4K
- CUK)

If R=0, then C = A

(b) If o, =1254MPa, o, =1296MPa, K,=130MPaym, a=1/3, n=3, R=0.7 and
2n+2
1 MN"-mm 2

cycles

A=5.11x10 ,then n(l-a) =(3)1-1/3)=2

Thus,
co A 511x10 " MN®-mm'*/cycles
(1- R)"&-® 1-0.7)

=5.68x10"° MN?®-mm®/cycles

Comparison:

3 4
Walker: 93 _[56gx100 MN_-MM )\
dN cycles

3 4
Paris: 98 _[5 19,0 MNZ-mMT Yy
dN cycles
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Plot 3—; vs. AK for 20 MPa+/m < AK <100 MPavm

.56-08
aker

2e-08 ]

.5e-08 ]

da
—= (mm/cycles)
dN 16081 .
Paris

5e-09 ]

0 20 40 80 100

AK (::pAN )

9.3 Suppose that a single-edge crack in a plate grows from 2 mm to 10 mm at a constant
loading frequency of 0.02 Hz. The applied stress ratio and the maximum stress are zero and 403
MPa, respectively. The material has a plane strain of 80 MPam®? and a crack growth behavior
described by

98 _ 368107 (4K, )*
dN

Here, da/dN isin m/cycle and AK, isin MPay/m. Determine the time it takes for rupture to
oceur.

[a

O «+— —p» O
Solution:
K.=80MPaym a,=2mm a, =10mm R=0 =112 f = 20 Hz
A=368x10" n=4 G, =0 0. =403MPa Ao =403MPa

Using K. =ao, /7, Yieds

a, =a; =10 mm
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da N 278.31cycles
— = AK A t=—= =13916 sec
dN A A[a G\/_] f  0.020 cycles/sec
ay N
I a’da= A[aAa\/; ]4 I dN t = 3.87 hours
a, 0
a;'—a;' =151IN,

N - (2a0° m" (100 m)*
f 1.51m*.cycles™
N, = 278.31cycles ]

9.4 If alarge component is subjected to a cyclic loading under Ao =300 MPa and R=0.
The material behaves according to Paris Law

R _ 209 (ak,
dN

where da/dN isin m/cyclesand 4K, isin MPaMPay/m. Determine the plane strain fracture

toughness for the component to endure 37,627 cycles so that a single-edge crack grows from 2
mmto a,.

Solution:
K, =112Ac /7,
B _ 2x109(aK, 2 = AlL122ac7 [ Ca ©
N / K, =(1.12)(300 MPa),/z(7x10° m)
a,
[a?*da= 012577j dN =4,73230 K,c ~50 MPay/m
a,
-1.45

8" e’ 73030

1.45
a =a; ~/mm

9.5 Consider apart made of apolycrystalline metal that is stresses in the elastic stressrange. If
the metal contains inclusions, has an imperfectly smooth exterior surface, and natural
dislocation, would the metal experienceirreversible changesin amicro-scale? Explain.

Answer: Many didocations would move and contribute to a small irreversible process since the
dislocation configurations would eventually change. This is one mechanism would lead to
fatigue cracking due to dislocations.
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9.6 Why most service fatigue fractures are normally not clear?
Answer: Most service fatigue fractures experience varying stress amplitude, leading to

irregularly spaced striations, if any.

9.7 What is the physica meaning of the slope n of the Stage Il line according to the Paris
model?

Answer: According to Paris law, dd—|3= A(AK,)", the higher the value of the ope n, the

higher the crack growth rate da/ dN. For instance, if AK >0 and n— oo, then (4K, )" —
and da/dN — o since A isaconstant.

9.8 Suppose that d(2a)/ dN =0.001mm/ cycle and n=4 in the Paris equation for 7075-T6

(FCC), 2024-T3 (FCC), Mo (BCC), and steel (BCC). Determine a) the constant A and its units,
and b) which of these materials will have the higher crack growth, rate?

Solution:

From Figure 9.6,

-3
d(2a) _ A(AK,)4 and A=10 mm/::ycle
dN (AKI )
Material AK, (MPa /m)) A (MN‘4-m5/cycIe)
7075-T6 (FCC) |10 1.00x107%°
2024-T3 (FCC) |15 1.98x10 ™
Mo (BCC) 20 6.25x10 72
Steel (BCC) 30 1.23x1072

Therefore, 7075-T6 (FCC) aloy has the highest fatigue crack growth rate because it has the
highest constant A.
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9.9 A Ti-6Al-4V large plate containing a 4-mm long central crack is subjected to a steady
cyclic loading R = 0.10. The plate plane strain and the threshold fracture toughness are 70

MPa/m and 14.7 MPay/m. Determine (a) the minimum stress range, (b) the maximum applied
stress range for afatigue life of 3,000 cycles, and (c) the critical crack size for 3,000 cycles. Let
the Paris equation be applicable so that n=4 and A=10" MN™.m" / cycles.

Solution: O <« |2a —» O
2a, = 4 mm N =10° cycles K, = 70 MPay/m a=1
a, =2mm R=0.40 K,, =14.7 MPa/m

(a) Using eg. (9.2b) yields

AK, 147 MPaym
ayfma, Jz(2x107 m)
Ac . < Ac,, =185.45 MPa

=185.45 MPa

Aoy, =

(b) From eq. (9.9) with N, =0 since a, exidts,

C, (Ac) +C,(Ac)"*-C,=0 (n+2)
C,=AN-N,)Jn-2)K,)" =050m
C,=(2/7)(K,/a)®=312x10° MPa®-m

C,=(2a "?)( 1/ n)"*(K /a)" =243x10° MPa’ -m

0.504c* +3.12x10° Ac? — 2.43x10° =0

Thus,
C 1

Ac® =——2+ —[C?—4C,C, =-3.12x10° MPa’ +3.81x10° MPa’
2C, ~ 2C,

Ao ~642MPa= Ao, (Postivereal root)

(© R=mn ang Ao =0,, —0C

max

min

RO, =0, @d 0, =0, —AC
RO ox = O e — AC
Ao _64231MPa 713 MPa

O-max = =
1-R 1-0.1
Then,

2
a, = 1(& ] =3.1mmand 2a =6.2mm

| oo
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9.10 Plot da/dN vs. AK for 403 S.S. using the Paris, Forman and Broek/Schijve equations. Use
the data given in Table 9.2 and a (20 mm)x(300 mm)x(900 mm) plate containing a single-edge
crack of 2-mm long. Let 20 MPa+/m < 4K < 80 MPay/m.

Solution:
a=2x10"°m B=20mm w=300mm L=900mm and
a/w=0.007 and a=f(a/w)=112

Using datafor AlSI 403 stainless stedl yields
K, =36 MPa/m R=c,, /0

e and Ao =0,,—0Cun
AK, =1.37 MPaym Ro, =0, and o, =0 —Ac
o, =1172 MPa RO oy = O — AC
R=0.1 n=35 0. =Ac/(1-R) for R<1
A=598x10"

Need to calculate K, for each given AK. For instance, using the upper limit in the range
20 MPay/m < 4K <80 MPay/m, the procedureis asfollows:

K, =00 /ma :;_‘A_:\/E and AK = aAc+/ma = 80 MPay/m

Solve for the stress range,

Ao =901.12 MPa (Maximum)

—— 0, =Ac/(1-R)~ 1001 MPa (upper limit)

— > K, =ac,,Jm~89 MPa/m (upper limit)
1 Kie_

_)ac=_
T\ 0o

2
] =48.30 mm

It is suggested that you use a computer program to handle all the calculations needed in order to
plot smooth curves.

. da n
Paris: — = A(AK 9.6
is N A(AK) (9.6)
Forman : da___ AAK) (Planestrain ) (9.10)
dN (1-R)K, —AK

Broek/Schijve : 3—; _ AKZ, - AK" (9.11)
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9.11 Plot the data given below and use eg. (9.6) as the model to draw a curve fitting line on log-
log scales. Determine the constants in such an equation.

No AK da/ dN Solution:
Since the Stage Il datais for alinear behavior in a
m/ cycle
(MPa\/E) ( y_ ) log-log scae, the constants in eq. (9.6) can be
1 |20 2.14x10° -
XY estimated as follows:
2 |30 8.84x10
3 |40 2.42x10” da da
4 |50 5.29x10” (—] = A4K,)" and (—] = A(4AK, )"
5 |60 1.00x10° dN dN /2
6 |70 1.72x10° ( da j )
7 180 2.74x10° dN ), (4K,
AK,

da
().
_Inf(da/dN), /(da/dN),] In[2.14x10® / 8.84x10°¢]
- In[4K, / 4K, ] - In[20/ 30]

n=3.50

da/dN), 2.14x10° m/ cycles

(4K.)" (20 MPaym)™
A=598x10" MPa>*.m?/ cycles

L

Then, the equation for curvefitting is of the following nature

9 _ 5 9810 (AK)**®
dN

Perhaps, the curve fitting procedure gives dlightly different results.

4606
3606 |

da

— (mm/ cycles)

dN
2606 1
1e-06 |

o—r—F—TFT 7

20 40 60 80 100

AK (MPay/m)
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9.12 A stedl plate containing asingle edge crack was subjected to a uniform stressrange Ao at a
stressratio of zero. Fatigue fracture occurred when the total crack length was 0.03 m. Subsequent
fatigue failure analysis reveded a striation spacing per unit cycle of 7.86x10% m. The
hypothetical steel has a modulus of elasticity of 207 GPa. Predict (a) the maximum cyclic stress
for acrack length of 0.01 m, (b) the striation spacing per unit cycle when the crack length is 0.02
m, (c) the Paris equation constants and (d) the plane strain fracture toughness and €) the fatigue
crack growth rate assuming that the Paris equation is applicable nearly up to fracture.

Solution:
[a
O <4+ —p O

(@) x=7.86x10°m

da Aa 8

— | *—=7.86x10" m/cycles

dN ), AN

-8
AK, = E\/% — (207,000 MPa), /w = 23.69 MPa/m=K__,
Thus,
po = AK _2360MPaVm _ 1o oy o
Jra  Jr(0.01m)

(b) For a=0.02m,
AK, =K =Ac+/ra =(133.69 MPa),/7(0.02 m) = 33.50 MPay/m

Then,
g 8K _ o 3350 MPaym
E 207,000 MPa
[%j _Aa,  x 157107 m
, AN AN lcycle

2
J =1.57x10" m

=1.57x10"" m/cycle
dN

(c) The exponent in the Paris equation is

'”[(da/dN)a} |n[7-86><10_8} _

daj A( n
v AKa) _
[dN . (da/dN), 1.57x10”"

n= =
da AK 23.69
= = " a In| 227
(dN jb AlAK) ln[AKJ [33.50}
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and the constant is

_(dasdN), 7.86x10° m/cycle

- (AK)" (2369 MPaymf

da _ -10 2
N (1.40x10™ JAK)

=1.40x10"° MPa?/cycle

(d) Fora.=0.03m,

K, =07, =(133.66 MPa),/z(0.03m)

K,c ~41MPaym
(e) Findly,

_(das/dN), 7.86x10°° m/cycle

(K] (2369 MPavm[

3—; = (L.40x10% K ¢ ) = (1.40x10*° }41)* = 2.35x107 m/cycle

=1.40x10™"° MPa?/cycle

9.13 A 2-cm thick pressure vessel made of a high strength steel welded plates burst at an
unknown pressure. Fractographic work using a scanning electron microscope (SEM) revealed a
semielliptical fatigue surface crack (a= 0.1 cm and 2c = 0.2 cm) located perpendicular to the
hoop stress and nearly in the center of one of the welded plates. The last fatigue band exhibited
three striations having an average length of 0.34 mm at 10,000 magnification. The vessel internal
diameter was 10 cm. Calculate a) the pressure that caused fracture and b) the time it took for
fracture to occur due to pressure fluctuations. Assume a pressure frequency of 0.1 cycles per

minute (cpm). Given data: oys= 600 MPa, E = 207 GPa, K. = 75 MPay/m and
da/dN = 4.50x10"(AK)?.

Solution:

a 01
2c 0.2
a_o1

=—=0.05
B 2

0.5

da Aa 0.00034m

— == =1.13x10"* m/cycle
dN AN 3cycle

10
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Using the given crack growth rate equation, AK becomes

AK _(da/dN T/Z _( 1.13x10* m/cycle v
A 4.50x10 MPa?/ cycle

AK =15.85 MPa+/m

From eqg. (9.23),
0.00034m

AK = E\/% = (207,000 MPa) 6110000)

AK =15.58 MPa+/m

which is similar to the previous AK value. The average becomes AK =15.72 MPa/m. Assume
the following stressratio o /o, =0.64 so that o =384 MPa, which is verified below. Thus, the
shape factor becomes

ol o] ) I o

The hoop stress range along with the average value of AK is

AK 15.72 MPa/m

Ao = - = 386.32 MPa
’ aymalQ 1.12,/z(0.001m)/2.38

Thus,

Ao 38632 .,

o 600

ys

Therefore, the assumed stress ratio is reasonably correct and fortunately, a single iteration is
sufficient. The pressure is estimated as

_2Bo _ (2)(2cm)(384 MPa)
d 10cm

P =154.40 MPa

(b) Thecritical crack lengthis

1( K, jz_ 1[ 75 MPay/m

&= %o 1.12x386.32 MPa

T

2
J =9.56x10"° m=0.956 cm

v/

11
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Integrating eg. (9.15) dongwith N, =0 yields

TszT da =f da 1 Tda_lIn(a/a,)

N, a A(AK )2 5 A(aAa\/E)z 7rA(ozA<7)2 5 a nA(aAG)Z
In(a,/a,) In(0.956/0.1)

N = = =853 cycl
mAaro Y 7(4.50x10°7 )1.12x386.32)° Yaes

Then,

_ N __883qdes oo anmin
cpm 0.1lcycle/min

9.14 Show that a, = a(K,. /K, )’

Solution:

From,

K =aomyJm, and K, =aoc, N7

K|c _ ao—max\]ﬂ:ac _ \/a_c
K 0o Jm Ja
2

ER

12

Solution Manual



Chapter 10 Fracture Mechanics, 2™ ed. (2015) Solution Manual

CHAPTER 10
FRACTURE TOUGHNESS CORRELATIONS

10.1 (@) Plot the given Cyn—T data for a carbon steel. (b) Calculate K¢ using the Cyy values up
to zero °C and Plot K c-cal and K c-exp. vs. Temperature. |sthere asignificant difference? If so,
explain.

T (OC) -125 |-100 |-60 |-40 |-12 0 10 25 | 40 45 | 60 | 80
Cwn 9 12 | 18 |20 | 28 | 40| 78 | 98 |110 |125 |126 | 28 | 30
(I\};'F‘.fﬁ;@'z) 40 | 50 |80 | 88 |50 {210
Solution:
(a) Plots
140 —
1207 = "
100 7 u}
Cw (3) ™
60 7]
407 E
20’D o B
0 ‘-100‘ B ‘-50‘ B ‘0‘ a ‘50‘ B ‘100
T(°c)



Chapter 10 Fracture Mechanics, 2™ ed. (2015) Solution Manual

K, = 205.05+4.5721T +5.0958x10°T?* + 2.0082x10™ T*

240
2207
200

K 1807
Ic 160

(M Pa\/ﬁ ) 140 i
120
1007
807 o
607
407

o

-120 -100 -80 -60 -40 -20 0
T(°C)

20

(b) Do nonlinear curvefittingon K,. and C,,, dataset as per egs. (10.66) and (10.67). Then, use
eg. (10.68) for calculating K, values. Thus, plot Kic-cal and Kc-exp. vs. Temperature. Below
isalinear curvefitting result for plane strain fracture toughness and Charpy impact energy.

250
K, =17.963+ 2.603U

200
(M Pa\/ﬁ ) 1501]
1001

507
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100

-120 -100 -80 -60 -40 -20 0

10.2 A mild sted plate has a through the thickness single-edge crack, a yield strength of 800
MPaand a static fracture strength isc =3.25 . If the plate is loaded in tension and fractures at

600 MPa, calculate the plane strain fracture toughness of the steel plate and the critical crack
length.

Solution:
c;=320, and o ,=800MPa

2=2"_32ad B=20m?

Oys

From eg. (10.12),

A-1 _
K. = (A-Loy, (32 1X8982MPa) _ 83 MPadm
B 20m

If o =600 MPa, then

K¢ =1.120 /7,
_1( K jz_l{ 88 MPa\/m
-la

1.120 .12)(600 MPa)

2
c=— — } =5.46mm
T T
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10.3 A standard Charpy specimen with B =5 cm, w = 5 cm and S\w = 4 was tested at a room
temperature. The measured impact energy was 30 joules. The tested material has a modulus of
elasticity of 70,000 MPa. Cal culate the K¢ for this hypothetical specimen having x = a/w = 0.2.

Solution:
Data x= alw=0.2 w=5%x102 m B=5x10% m
E=70,000MPa U =30x10°MJ=30x10° MN.m

From egs. (10.57) and (10.43), respectively,

2 2
== =~ -=045473
¢ 7nx 77(0.2)

K _x _ [UE _ [(30x10"° MN.m)70000 MPa)
T T gBw | (0.45473)5x1072 m)5x1072 m)

K, == 42.98 MPaym

10.4 Suppose that a design code calls for a Charpy impact energy of 22 Joules for building a
large pressure vessel containing an inert gas. If A533B and A723 (o = 1,100 MPa) stedl plates
are available for such a purpose, then (a) select the steel that will tolerate the largest critical

crack length (depth of a surface semi-élliptical crack) when the hoop stress is 500 MPa and (b)
determine the minimum plate thickness as per ASTM E399 standard for the selected stedl.

Solution:
For o =500 MPa, U =22J and o, =1100 MPa (A723),
196)
K . (A533B) = 20+139 = 1] =6550 MPa+/m eq. (10.71)
K,(A723)=,/0644Uc , — 000602 = 91.24 MPay/m eq. (10.74)

(a) Thecritical length

Ke T 1 (65.50 MPay/m

o ) x| 500MPa

a (A533B) = 1(
T T

2
] =5.46 mm

%(A723)=1(&)2=1 91.24 MPaJ/m
n 500 MPa

The ASTM A723 stedl allows alarger critical crack length; therefore, this material is selected for
such an application.

2
J =10.60 mm

(o) T

(b) The plate thickness for the selected A723 steel is

2 2
B>2. Kie | _ 2. W =17.20 mm~= 0.6772inches
o 1100 MPa

ys
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10.5 Plot the fracture toughness data for a hypothetical polymer and determine the brittle-ductile
transition temperature.

T(°C) -160 | -120 |-90 |-80 |-75 |-70 |-60 |-50 |-30

K, (MPaym) |410 |4.11 [400] 405410450550 |6.60 | 11.00

Solution:

20

KIC 15 +

(MPaym)
10 +
5 T v -
Brittle
0 ! !
-200 -150 -100 -50 0

T(°c)

10.6 For linear motion during Charpy impact tests, the energy lost by the striker (Ug) and the
kinetic energy (mv?®) data for some polymers with different masses and spans to depth (S/w)
ratios [47] are given below. Let MM << 1 and @) plot U = f(mv?) and estimate the coefficient

of restitution (e) for these data. What does 0< e<1 mean? Theoreticaly, determine b) the
U, = f(mv?) ratio for the first bound which is transformed into specimen strain energy and c) the

U, = f(mv?) ratio when thereis no bouncing.

mv2 (mJ) | 0| 50 | 100 | 150 | 200
Us(mJ) | 0| 75| 150 | 222 | 297
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Solution:

(a) The plot and the coefficient of restitution are

Polynomial fit: y = 0.6+ 1.482x or Us = 0.6 + 1.482(mv?)

2007 (mJ)

1507

mv? (mJ)
From eg. (10.39) along with m/M << 1,

Ug = (1+e)mv?
Sope = 1+e=15
e=05

This result,e= 0.5, means that a repeated impact of converging energy into strain energy occurs
until the last contact is achieved.

(b) The Ug = f(mv?) ratio for the first bound which is transformed into specimen strain energy
requires that the coefficient of restitution be e= 1. Thus,

UJ(m2)=1+e=2
c) The U = f(mv2)ratio when thereis no bouncing meansthate= 0. Thus,

UJ(m2)=1+e=1
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10.7 A large and thick ASTM A533B-1 stedl plate containing a 4-mm long through-the-thickness
central crack fractures when it is subjected to a tensile stress of 7 MPa. Plot U, K¢, and G,c a

—200°C <T <100°C. Which of the plots is more suitable for determining the transition
temperature? Explain. Data: E = 207,000 MPaand v = 1/3.

Solution:
From eg. (10.72) and (10.73),

U 196
1+ exp(-0.0297T)

-0.54
K= 20+139(%— j in MPay/m

in Joules

200

u@) 1507

Kie 1007
(MPaym)

507

200 -150 -100 50 O 50 100
T(°c)

Denote that the transition temperature ( 1) 1S easily determined usingthe U = 1 (1) plot. Thisis
shown with dash lines.

2 6 2
G = (1_EV )Kfc = o 2)[?7_5(132) 3 ][20 +95.50exp(0.016T )] in Joules

Gy =(4.2941)20+ 95.50exp(0.016T )]
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4
Gc 3T
(J)
ot
1T
0 f e

-200 -150 -100 100

It is clearly shown that the U,. = f(T) plot is more suitable for determining the transition
temperature T, = —65°C .

10.8 A large plate made of 18Ni-8Co-3Mo Grade 200 alloy is part of structure exposed to
relatively high temperature. Charpy impact tests were carried out and the average impact energy
is 60 J. Use thisinformation to calculate (@) the plane strain fracture toughness, (b) the minimum
thickness ASTM requirement. The plate width is at least twice the thickness. Is this thickness
practical? (c) Assume that a single-edge through the thickness crack develops. What will the
critical crack length be? Will its value be reasonable?

Solution:

(@ If =60J and o, =1,310 MPa (From Table 10.1), then eqg. (10.76) yields

(*é_'yCY - 4.69(L)-0.20

Kic = oys‘/4. 69(%3) ~0.20

_ 60
Kic = (1,310 MPa) J4. 69( 1295 ) - 0.20

Kic = 159.42 MPa,/m
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(b) From eq. (3.30), the minimum plate thicknessis

o= 25(5) - o (i

B > 0.30424 m = 304.24 mm =~ 12 inches

Thisisavery impractical thick for plate, but it complies with the ASTM plane strain conditions.

(c) Now if a single-edge crack develops during service, the critical crack length under a stress
half the yield strength will be

Kic = G—Zys,/ﬂac

a - L 2K|c>2: 1o3<2><159.42 2
€T m\ Oy T 1310

ac ~ 19 mm

Thisis areasonable result for a plate so thick.





